SOME RESULTS ON THE ADMISSIBLE REPRESENTATIONS OF 
NON-CONNECTED REDUCTIVE p-ADIC GROUPS 



DAVID GOLDBERG AND REBECCA A. HERB 

Abstract. We examine the theory of induced representations for non-connected 
reductive p-adic groups for which G/G*^ is abehan. We first examine the structure of 
those representations of the form Indpo((T), where is a parabohc subgroup of G'^ 
and fj is a discrete series representation of the Levi component of P" . Here we develop 
a theory of P~groups, extending the theory in the connected case. We then prove 
some general results in the theory of representations of non-connected p-adic groups 
whose component group is abelian. We define the notion of cuspidal parabolic for 
G in order to give a context for this discussion. Intertwining operators for the non- 
connected case are examined and the notions of supercuspidal and discrete series 
are defined. Finally, we examine parabolic induction from a cuspidal parabolic 
subgroup of G. Here we also develop a theory of P-groups, and show that these 
groups parameterize the induced representations in a manner that is consistent with 
the connected case and with the first set of results as well. 



1. Introduction 

The theory of induced representations plays a fundamental role within representa- 
tion theory in general. Within the theory of admissible representations of connected 
reductive algebraic groups over local fields, parabolic induction is used to complete 
classification theories, once certain families of representations are understood [3,8,9, 
10]. The theory of admissible representations on non-connected reductive groups over 
nonarchimedean local fields has been addressed in part in [1,4,6,11], among other 
places. We will study certain aspects of parabolic induction for disconnected groups 
whose component group is abelian. 

Let F be a locally compact, non-discrete, nonarchimedean field of characteristic 
zero. Let G be a (not necessarily connected) reductive F-group. Thus G is the 
set of F-rational points of a reductive algebraic group defined over F. Let G° be the 
connected component of the identity in G. We assume that G/G^ is finite and abelian. 

Our goal is to address three major points. The first is an extension of the results of 
[6] to the case at hand. This entails a study of induction from a parabolic subgroup 
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of G° to G. In particular, suppose that P° = M°N is a parabolic subgroup of G°, 
and let (Tq be an irreducible discrete series representation of M° . We are interested in 
the structure of ttq = Indpo(cro). In [1] Arthur suggests a construction, in terms of the 
conjectural local Langlands parameterization, of a finite group whose representation 
theory should describe the structure of ttq, when G/G° is cyclic. In [6] the case where 
G/G° is of prime order is studied, and there is a construction, on the group side, 
of a finite group Rcicro) which (along with an appropriate 2-cocycle) parameterizes 
the components of ttq. It is also shown there that Ra{cro) must be isomorphic to 
Arthur's group Rtp,ao, if the latter exists. One cannot confirm the existence of Rip^ao 
without proofs of both the local Langlands conjecture and Shelstad's conjecture [12] 
that -R^c'^o is isomorphic to Rg°{o'q). (See [1] for the precise definitions of R^,ao and 
i^^Q^CTQ.) Here, by extending the definition of the standard intertwining operators (cf 
Section 4) we show we can construct a group Rg{(Tq) in a manner analogous to [6], 
and show that it has the correct parameterization properties (cf Theorems 4.16 and 
4.17). An argument, similar to the one given in [6] shows that if G/G° is cyclic, then 
i?G(cro) niust be isomorphic to R^^ao^ assuming the latter exists (cf Remark 4.18). 

The second collection of results is an extension of some standard results in admis- 
sible representation theory to the disconnected group G. In order to develop a theory 
consistent with the theory for connected groups, one needs to determine an appro- 
priate definition of parabolic subgroup. There are several definitions in the literature 
already, yet they do not always agree. We use a definition of parabolic subgroup which 
is well suited to our purposes. Among the parabolic subgroups of G we single out a 
collection of parabolic subgroups which we call cuspidal. They have the property that 
they support discrete series and supercuspidal representations and can be described 
as follows. Let P° be a parabohc subgroup of G^ with Levi decomposition M^N and 
let A be the split component of M°. Let M = Gg{A). Then P = MN is a cuspidal 
parabolic subgroup of G lying over P^. We also say in this case that M is a cuspi- 
dal Levi subgroup of G. Thus cuspidal parabolic subgroups of G are in one to one 
correspondence with parabolic subgroups of G^. 

Using our definitions we can prove the following. Let M be a Levi subgroup of G 
and let = M n G^. 

Lemma 1.1. (i) If M is not cuspidal, then M has no supercuspidal representations, 
i.e., admissible representations with matrix coefficients which axe compactly supported 
modulo the center of M and have zero constant term along the nil radical of any proper 
parabolic subgroup of M. 

(a ) If M is cuspidal and tt is an irreducible admissible representation of M, then tt is 

supercuspidal if and only if the restriction of n to is supercuspidal. 

(Hi) If M is not cuspidal, then M has no discrete series representations, ie. unitary 

representations with matrix coefficients which are square-integrable modulo the center 

ofM. 
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(iv) If M is cuspidal and vr is an irreducible unitary representation of M, then tt is 
discrete series if and only if tlie restriction of n to M° is discrete scries. 

Using Lemma 1.1 it is easy to extend the following theorem from the connected 

case to our class of disconnected groups. 

Theorem 1.2. Let tt be an irreducible admissible (respectively tempered) represen- 
tation of G. Tlien tliere are a cuspidal parabolic subgroup P = MN of G and an 
irreducible supercuspidal (respectively discrete series) representation a ofM such that 
TT is a subrepresentation oflndp{a). 

Let Pi — MiNi and P2 — M2N2 be cuspidal parabohc subgroups and let (jj be 
irreducible representations of Mj,i = 1,2, which are either both supercuspidal or 
both discrete series. By studying the orbits for the action of Pi x P2 on G, we are able 
to extend the proof for the connected case to our situation and obtain the following 
theorem. 

Theorem 1.3. Let Pi = MiNi,P2 = M2N2,ai,a2 be as above. Then if tti = 
Indp^((Ji) and 1^2 — Indp2((T2) have a nontrivial intertwining, then there is y E G 
so that 

M2 = yMiy~^ and (72 ~ y(T2y~^ ■ 

The third question of study is the structure of tt = Indp((7) when P = MN is a 
cuspidal parabolic subgroup of G and cr is a discrete series representation of M. We 
show that, as in the connected case, the components of n are naturally parameterized 
using a finite group R. As in the connected case we first describe a collection of 
standard intertwining operators R{w, a) which are naturally indexed hyw & Woicr) — 
Ng{(7)/M, where 

Ng{(t) = {x e Ng{M) : cr^ ~ cr}. 
We prove that there is a cocycle 77 so that 

R(wiW2, a) = r](wi, W2)R(wi, a)R(w2, cr), Wi, W2 e Wcicr). 

Let (7o be an irreducible component of the restriction of a to M°, and P° = M'^N — 
P n G^. Then a C Indj{^o((7o) so that 

TT = Ind${a) C Ind^(Indj|^o((To)) ~ Ind^o((7o). 

Using the intertwining operators and i?-group theory developed earlier for the repre- 
sentation Indpo(cro), we can prove the following results. First, the collection 

{R{w,a),w^WG{(y)) 

spans the commuting algebra of tt. Second, let be the set of positive restricted 
roots for which the rank one Plancherel measures of oq are zero and let be 
the group generated by the reflections corresponding to the roots in $1. Then W{^i) 
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is naturally embedded as a normal subgroup of Wg{(j) and Wg{(j) is the semidirect 
product of and the group 

= {w e Wg{(t) : wa> for all a e $^}. 

Finally, R{w,cr) is scalar if w G W{^i). This proves that the operators R{w,cr),w G 
Ra, span the intertwining algebra. But we can compute the dimension of the space of 
intertwining operators for Indp(cr), again by comparison with that of Indpo(cro), and 
we find that it is equal to [Ra] ■ Thus we have the following theorem. 

Theorem 1.4. The R{w,a),w G R^, form a basis for the algebra of intertwining 
operators oflnd$(a). 

Just as in the connected case, we show that there are a finite central extension 

1 ^ Zcr ^ Ra ^ R(j ^ ^ 

over which r] splits and a character Xa of so that the irreducible constituents of 
Indp((T) are naturally parameterized by the irreducible representations of Rcr with 
Zo-central character Xcr- 

Finally, we give a few examples which point out some of the subtleties involved in 
working with disconnected groups. For instance, we show that if we do not restrict 
ourselves to cuspidal parabolic subgroups, then the standard disjointness theorem for 
induced representations fails. Examples such as these show why one must restrict to 
induction from cuspidal parabolic subgroups in order to develop a theory which is 
consistent with that for connected groups. 

Many interesting problems involving disconnected groups remain. For example, 
the question of a Langlands classification is still unresolved, and some of the results 
here on intertwining operators may help in this direction. One also hopes to remove 
the condition that G/G° is abclian, and extend all the results herein to that case. 
Problems such as these wc leave to further consideration. 

The organization of the paper is as follows. In §2 we give the definition of parabolic 
subgroup and prove Lemma 1.1 and Theorem 1.2. The proof of Theorem 1.3 is in 
§3. The results on induction from a parabolic subgroup of to G are in §4, and the 
results on induction from a parabolic subgroup of G to G, including Theorem 1.4, are 
in §5. Finally, §6 contains examples that show what can go wrong when we induce 
from parabolic subgroups of G which are not cuspidal. 

The first named author would like to thank the Mathematical Sciences Research 
Institute in Berkeley, California, for the pleasant and rich atmosphere in which some 
of the work herein was completed. 

2. Basic Definitions 

Let F be a locally compact, non-discrete, nonarchimedean field of characteristic 
zero. Let G be a (not necessarily connected) reductive F-group. Thus G is the set 
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of F-rational points of a reductive algebraic group over F. Let be the connected 
component of the identity in G. We assume that G/G^ is finite and abehan. 

The spht component of G is defined to be the maximal F-spht torus lying in the 
center of G. Let A be any F-split torus in G and let M — Cg{A). Then M is a 
reductive F-group. Now A is called a special torus of G if A is the split component 
of M . (Of course A is an F-split torus lying in the center of M. The only question is 
whether or not A is maximal with respect to this property.) 

Lemma 2.1. Let A he a special torus of Then A is a special torus of G. 

Proof: Let M = Cg{A) and M° = Cgo{A) = MnG^. Write Z{M) and Z(M°) 
for the centers of M and M° respectively. Now A is the maximal F-spht torus lying 
in Z{M^) and A C Z{M). Suppose A' is the maximal F-split torus lying in Z{M). 
Then A C A'. But A' is a torus, so it is connected. Hence A' C Z(M) nM° C Z(M°). 
Thus A' <Z A and so ^4' = ^4 is the split component of M. ■ 

Remark 2.2. The converse of Lemma 2.1 is not true. For example, let G = 0(2) = 
S0{2) U wS0{2) where SO{2) ~ F^ is the group of 2 x 2 matrices 

d{a)^(^Q ^-i^,aeF'', andw^l^J 

satisfies wd{a)ur^ = d{a-^),a e F^. Let A = {d{l)}. Then M = Cg{A) = G and 
Z(M) = {±c/(l)}. Thus A is a special torus of G. However M° = Cgo{A) = and 
Z{M°) — G° is an F-split torus. Hence A is not the maximal F-split torus in Z(M°) 
and so is not special in 

If G is connected, then A is a special torus of G by the above definition if and only 
if A is the split component of a Levi component M of a parabolic subgroup of G. 
We will define parabolic subgroups in the non-connected case so that we have this 
property in the non-connected case also. 

Let y4 be a special torus of G and let M = Gg'(A). Then M is called a Levi subgroup 
of G. The Lie algebra L{G) can be decomposed into root spaces with respect to the 
roots $ of L{A): 

L{G) = L{G)o © E HG)a 

where L(G)o is the Lie algebra of M. Let be a choice of positive roots, and let N 

be the connected subgroup of G corresponding to J2ae<s>+ L{G)a- Since elements of M 
centralize A and L{A), they preserve the root spaces with respect to L{A). Thus M 
normalizes A^. Now P = MN is called a parabolic subgroup of G and (P, A) is called 
a p-pair of G. The following lemma is an immediate consequence of this definition 
and Lemma 2.1. 
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Lemma 2.3. Let P° = M°A^ be a parabolic subgroup of G° and let A be the split 
component of M^. Let M = Cg{A). Tlien P = MN is a parabolic subgroup of G 
and P n (7° = P°. 

Lemma 2.4. Let P be a parabolic subgroup of G. Then P^ — POG^ is a parabolic 
subgroup of G^ . 

Proof: Let P = MN be a parabolic subgroup of G and let A be the split component 
of M. Let M° = Cgo{A) = M QG^. Let Ai be the split component of M°. Then 
A d Ai so that Ggo{Ai) C Cgo(A) = M°. But Ai is in the center of M°, so that 
M° C Cgo(Ai). Thus Cgo{Ax) = M° so that A^ is a special torus in G° and M° is 
a Levi subgroup of Let $ and $i denote the sets of roots of L{A) and -^(^i) 
respectively. For each ai G $i, the restriction roi of ai to L{A) is non-zero since 
Cgo(Ai) = CGro(A) = M°. Let be the set of positive roots used to define A^. Then 
= {ai G $1 : rai G $"^1 is a set of positive roots for $i and 

Thus P° = M^N is a parabohc subgroup of G^. ■ 

We say the parabolic subgroup P of G lies over the parabolic subgroup P° of G° if 
P° = P n G°. We will also say the Levi subgroup M of G lies over the Levi subgroup 
Af " of if M° = M n G°. Lemma 2.4 and its proof show that every parabolic (resp. 
Levi) subgroup of G lies over a parabolic (resp. Levi) subgroup of G°. 

Remark 2.5. There can be more than one parabolic subgroup P of G lying over a 
parabolic subgroup P° of G^ . For example, define G = 0(2) and G" = 5*0(2) as in 
Remark 2.2. Then A — {d{l)} and = 50(2) are special vector subgroups of G 
corresponding to parabolic subgroups P = 0(2) and Pq = 50(2) respectively. Both 
lie over the unique parabolic subgroup 50(2) of G°. 

Lemma 2.6. Let P° = M°iV be a parabolic subgroup of G'^ and let A be the split 
component of . Let M = Gg(A) and let P = MN. Then if Pi is any parabolic 
subgroup of G lying over P° we have P G Pi. Further, M is the unique Levi subgroup 
lying over M° such that the split component of M is equal to A. 

Proof: Write Pi = MiN where Mi lies over M°. Let Ai be the split component of 
Ml. Then Ai G A so that M = Gg{A) C Gg{Ai) = Mi. Clearly Mi = M if and only 
if Ai = A. m 

Remark 2.7. Lemma 2.6 shows that there is a unique smallest parabolic subgroup 
P of G lying over P^. Although it is defined using a Levi decomposition P° = M^N 
of P^, it is independent of the Levi decomposition. Recall that if M° and M" are two 
Levi components of P° with split components Ai and A2 respectively, then there is 
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ne N such that A2 = nAin-^ and = nM^n~\ Now if Mi = ^ = 1, 2, we 

have M2 = Cg(^2) = nCG{Ai)n-^ = nMin'^, and M2N = nMin'^N = M^N since 
Ml normahzes N . 

Let Z be the spht component of G. We let C^{G, Z) denote the space of all smooth 

complex-valued functions on G which are compactly supported modulo Z. We say 
/ e C^{G, Z) is a cusp form if for every proper parabolic subgroup P = MN of G, 



Let '^A{G) denote the set of cusp forms on G. We say G is cuspidal if '^A{G) ^ {0}. 
We know that every connected G is cuspidal. 

Lemma 2.8. G is cuspidal if and only if the split component of G is equal to the 
split component of Moreover, if G is cuspidal, then a subgroup N of G is the 
nilradical of a proper parabolic subgroup of G if and only if N is the nilradical of a 
proper parabolic subgroup of G^. If G is not cuspidal, then G has a proper parabolic 
subgroup Gi with nilradical Ni = {!}. 



Proof: First suppose that G and have the same spht component Z. Let / 7^ e 
Define F : G ^ C by F{x) = f{x),x G G^, and F{x) = 0,x ^ G°. Then 
F G C^{G,Z) and is non-zero. Let P = MN be any proper parabolic subgroup of 
G. Then N C so for all n e A^, a; G G, xn G G° if and only if a; G Thus for 
X ^G°, 



Now po = P n G° = M^N is a parabohc subgroup of G°. Suppose that P° = G°. 
Then P lies over G° so that by Lemma 2.6, G C P. This contradicts the fact that P 
is a proper parabolic subgroup of G. Thus = M^N is a proper parabolic subgroup 
of Since / is a cusp form for G° we have 



Thus P is a non-zero cusp form for G. 

The above argument also showed that if P = MN is a proper parabohc subgroup of 
G, then P^ = M^N is a proper parabolic subgroup of G'^. Conversely, if P'' = M^N 
is a proper parabohc subgroup of G° and P = MN is any parabolic subgroup of G 
lying over P^, then clearly P ^ G. 

Conversely, suppose that G and G° do not have the same spht component. Let Z 
be the split component of G° and define Gi — Gg{Z). By Lemma 2.6, Gi is a proper 





while for x ^ G^, 
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parabolic subgroup of G. Further since Gi lies over G^ its nilradical is A^i = {1}. 
Now if F is any cusp form on G and a; G G, we have 

F{x) = / F{xn)dn = 0. 

Thus G has no non-zero cusp forms and so is not cuspidal. ■ 

Example 2.9. Let G = 0(2) as in Remarks 2.2 and 2.5. Then S0{2) is a cuspidal 
parabolic subgroup of G and 0(2) is not cuspidal. 

We can sum up the proceeding lemmas in the following proposition. 

Proposition 2.10. Let P° = M^N be a parabolic subgroup of 0°. Then there is a 
unique cuspidal parabolic subgroup P = MN of G lying over P°. It is contained in 
every parabolic subgroup of G lying over , and is defined by M — Gg{^ where A 
is the split component of M° . 

Now that we have parabolic subgroups of G, we want to study parabolic induc- 
tion of representations. Many of the most basic notions of representation theory are 
defined in [13, chapter 1] for any totally disconnected group. In particular, admissi- 
ble representations of G are defined and the following is an easy consequence of the 
definition. 

Lemma 2.11. Let U be a representation of G. Then H is admissible if and only if 

II\g", the restriction of IT to G^, is admissible. 

Further, the results of Gelbart and Knapp regarding induction and restriction be- 
tween a totally disconnected group G and an open normal subgroup H with G/H 
finite abelian can be applied to G and If tt is any admissible representation of 
G^ on V, we will let Ind^()(7r) denote the representation of G by left translations on 
n^{f:G^V: f{ggoi= nigo)-'f{g),\fg eG,goe 0°}. 

Lemma 2.12. (Gelbart-Knapp [5]) Let U be an irreducible admissible represen- 
tation of G. Then II\go is a finite direct sum of irreducible admissible representations 
of 0°. Let TT be an irreducible constituent of njco which occurs with multiplicity r. 
Then 

n|(30 ~ r TT^ 

where Gt^ = {g e G : tt^ %} . 

Lemma 2.13. (Gelbart Knapp [5]) Let tt be an irreducible admissible representa- 
tion of G^ . Then there is an irreducible admissible representation 11 of G such that tt 
occurs in the restriction ofU to G^ with multiplicity r > 0. Let X denote the group 
of unitary characters of G/G^ and iet X (11) = {x e X : 11 (g) x — 11} . Then 

IndGo(7r)~r ^ 

xex/x(n) 
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is the decomposition of IndQo(7r) into irreducibles and r'^[X/X{lV)] — [Gt^/G^]. 

The following result was proved by Gelbart and Knapp in the case where the re- 
striction is multiplicity one [5]. Tadic [14] refined their result in the connected case. 
We now prove the more general result. 

Lemma 2.14. Suppose that G is a totaUy disconnected group, and H is a closed 
normal subgroup, with G/H a finite abelian group. If Hi and II2 are irreducible 
admissible reprsentations of G, which have a common constituent upon restriction to 
H, then II2 — Hi <S> Xi ^or some character x with x\h = 1- 

Proof: If the multiplicity of the restrictions is one, then this result holds by Gelbart- 
Knapp [5]. In particular, if \G/H\ is prime, the statement is true. We proceed by 
induction. We know the Lemma holds when \G/H\ = 2. Suppose the statement is 
true whenever \Gi/H\ < n. Suppose \G/H\ = n. We may assume n is composite, so 
write n — km, with 1 < k < n. Let H C Gi C G with \G/Gi\ = k. If IIiIg^ and 
1121(32 have a common constituent, then, by our inductieve hypothesis, there is a x 
with x\gi = 1 with II2 — Ili<S> X- Since (G/Gi) C {G/H), we are done, in this case. 

Now suppose that r is an irreducible subrepresentarion of both IIiIj^ and 112 
Then, there are constituents Oj C IIjIg^ so that r C By the inductive hypothesis 

0.2 = ^1® X, for some x of Gi whose restriction to H is trivial. But, since Gi/H C 
G/H IS abelian we can extend x to a character -q of G/H. Note that (IIi ® r})\Gi 
has f2i ® X — ^2 as a constituent, so, as we have seen above. Hi® rj ® — H2, for 
some character a; of G whose restriction to Gi is trivial. Thus, the statement holds 
by induction. ■ 

Let (tt, V) be an admissible representation of G and let Aiji) denote its space of 
matrix coefficients. We say tt is supercuspidal if .4(7r) C ^A{G). Of course if G is 
not cuspidal, then ^A{G) = {0} so that G has no supercuspidal representations. If 
P = MN is any parabolic subgroup of G, define V{P) = V{N) to be the subspace 
of V spanned by vectors of the form 7i{n)v — v,v G V,n G N. Then we say tt is 
J-supercuspidal if V{P) = V for every proper parabolic subgroup P of G. If G 
is not cuspidal, then by Lemma 2.8 there is a proper parabolic subgroup Gi of G 
with nilradical A^i = {1}. For any admissible representation {n,V) of G, V{Gi) = 
V{Ni) = {0} V so that tt is not J-supercuspidal. Thus G has no J-supercuspidal 
representation. 

Suppose now that G is cuspidal and let (tt, V) be an irreducible admissible repre- 
sentation of G. Let (ttq, V) denote the restriction of tt to G*^. 

Lemma 2.15. Assume that G is cuspidal. Then tt is J-supercuspidal if and only if ttq 
is J-supercuspidal if and only if any irreducible constituent of ttq is J-supercuspidal. 

Proof: Since G is cuspidal, by Lemma 2.8 the set of nilradicals of proper parabohc 
subgroups is the same for both G and G°. Thus tt is J-supercuspidal if and only if ttq 
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is J-supercuspidal. Moreover, since by Lemma 2.12 the irreducible constituents of ttq 
are all conjugate via elements of G, it is clear that ttq is J-supercuspidal if and only 
if every irreducible constituent of ttq is J-supercuspidal if and only if any irreducible 
constituent of ttq is J-supercuspidal. ■ 

Lemma 2.16. Assume that G is cuspidal. Then n is supercuspidal if and only if ttq 
is supercuspidal if and only if any irreducible constituent of ttq is supercuspidal. 

Proof: Let Z denote the split component of G. By Lemma 2.8 it is also the split 
component of G^. 

Assume that tt is supercuspidal. Thus A{tt) C '^^(G) . Let /q be a matrix coefficient 
of 7iQ. Then there is a matrix coefficient / of tt so that /o is the restriction of / to 
Now / G '^A{G). Since / smooth and compactly supported modulo Z, so is /q. 
Further, by Lemma 2.8 the nilradicals of proper parabolic subgroups are the same for 
both G and Thus /o will satisfy the integral condition necessary to be a cusp 
form on Hence A{7io) C "^(G^) so that ttq is supercuspidal. 

Conversely, suppose that ttq is supercuspidal. Let tti be an irreducible constituent of 
ttq. Then tt C IndQo(7ri) so that every matrix coefficient of tt is a matrix coefficient of 
the induced representation. But since G° is a normal subgroup of finite index in G, the 
restriction of IndQo(7ri) to G^ is equivalent to J2xeG/G^^ ^i- Thus matrix coefficients of 
the induced representation can be described as follows. Let / be a matrix coefficient 
of Ind^o(7ri) and fix g G G. Then there are matrix coefficients fx of 7rf,x e G/G^, 
(depending on both / and g) so that for all go & G^, 



Since tti is supercuspidal, so is irf for any x e G/G^, and so each G ^A{G^). 
Thus the restriction of / to each connected component of G is smooth and compactly 
supported modulo Z. Also, if N is the nilradical of any proper parabolic subgroup of 
G, then 



since by Lemma 2.8, N is also the nilradical of a proper parabohc subgroup of G . ■ 

Proposition 2.17. Assume that G is cuspidal and let tt be an irreducible admissible 
representation of G. Then n is supercuspidal if and only if n is J-supercuspidal. 

Proof: This is an immediate consequence of Lemmas 2.15 and 2.16 and the corre- 
sponding result in the connected case. ■ 



f{99o) = fxigo)- 
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We now drop the assumption that G is cuspidaL Let P = MN be a parabohc 
subgroup of G and let a be an admissible representation of M. Then we let Indp((j) 
denote the representation of G by left translations on 

n = {f e C°°(G',\/) : f\gmn) = 6p^m)a{m)-^ f{g),yg e G,m e M,n e N}. 
Here 6p denotes the modular function of P. 

Theorem 2.18. Let tt be an irreducible admissible representation of G. Then there 
are a cuspidal parabolic subgroup P = MN of G and an irreducible supercuspidal 
representation a of M such that n is a subrepresentation of Indp(o-). 

Remark 2.19. We will see in Corollary 3.2 that the group M and supercuspidal 
representation a in Theorem 2.18 arc unique up to conjugacy. 

Proof: Let p be an irreducible constituent of the restriction of tt to G^. Then 
TT C Ind^o(p). Since p is admissible, there are a parabolic subgroup P° = M'^N of 
G^ and an irreducible supercuspidal representation r of M° such that p C Indpo(T). 
Thus 

TT C Indg„(p) C lndgo(lnd^o(r)) ~ Ind^o(r). 

Let P = MN he the imiquc cuspidal parabolic subgroup of G lying over P^\ Let 
a be an irreducible admissible representation of M such that r is contained in the 
restriction of a to M°. By Lemma 2.16, a is supercuspidal. By Lemma 2.13 applied 
to M and M° we have 

IndjJ^o(r)~s a<S>r) 

V€Y/Y{a) 

where Y is the group of unitary characters of M/M^. Since r is contained in the 
restriction of cr (8) 77 to M° for any rj, all the representations cr (8) 77 are supercuspidal. 
Now 

TT C Indpo(r) ~ s ^ lndp{a rj). 

r]eY/Y(a) 

Thus TT C lndp(o- (g) rj) for some 77. ■ 

Let A{G) = U.„A{n) where n runs over the set of all admissible representations of 
G. Similarly we have A{G'^) and because of Lemma 2.11 it is clear that if / G A{G), 
then /Igo e Define the subspace At{G^) C A{G^) as in [13,§4.5]. It is the 

set of functions in A{G^) which satisfy the weak inequality. Define 

At{G) = {/ e A{G) : /(a;)/|Go e AriG"^) for all x e G} 

where l{x)f denotes the left translate of / by x. In other words, At{G) is the set of 
functions in A{G) which satisfy the weak inequality on every connected component of 
G. If TT is an admissible representation of G, we say n is tempered if A{7t) C At{G). 
The following lemma is easy to prove using the properties of matrix coefficients of tt 
and TTo from the proof of Lemma 2.16. 
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Lemma 2.20. Let vr be an irreducible admissible representation of G. Then tt is 
tempered if and only if ttq is tempered if and only if any irreducible constituent of ttq 
is tempered. 

Let n be an irreducible unitary representation of G and let Z be the split component 
of G. We say that tt is discrete series if A{7r) C L'^{G/Z). Every unitary supercuspidal 
representation is discrete series since its matrix coefficients are compactly supported 
modulo Z. 

Lemma 2.21. If G is not cuspidal, then G has no discrete series representations. If 
G is cuspidal, then tt is discrete series if and only if ttq is discrete series if and only if 
any irreducible constituent of ttq is discrete series. 

Proof: Suppose that G is not cuspidal. Then the split component Z of G is a 
proper subgroup of the split component Zq of G^. Let vr be any irreducible unitary 
representation of G. Then there is an irreducible unitary representation tti of so 
that TT is contained in Ind^o(7ri). Thus as in the proof of Lemma 2.16, for any matrix 
coefficient / of tt and any g E G, we have matrix coefficients of 7rf,x e G/G^, so 
that for all go eG°, 

f{99o) = E M9o)- 

xeG/GO 

Let u; be the Zo-character of tti. Then for any z E Zq, go e G^ , we have 

figgoz) = E Maoz) = E ^''iz)fxigo)- 

xeG/G° xeG/G° 

Thus z I— > figgoz), z e Zo, is a finite linear combination of unitary characters of Zq, 
and cannot be square- integrable on Zq/ Z unless it is zero. Now if / is square-integrable 
on G/Z, then go i— > f{ggo) is square-integrable on Gq/Z for all coset representatives 
g e G/G^, and z ^ f{ggoz) must be square-integrable on Zo/Z for almost all ^fo; so 
that f{ggoz) must be zero for almost all go, z, and f — 0. 

Suppose that G is cuspidal. Let vr be a discrete series representation of G. Let 
fo be a matrix coefficient of ttq. Then there is a matrix coefficient / of tt so that 
fo is the restriction of / to G^. Since / is square-integrable on G/Z, certainly fo is 
square-integrable on G^ jZ. 

Conversely, suppose that ttq is discrete series. Let tti be an irreducible constituent 
of ttq. For any matrix coefficient / of tt we have 

/ \f{g)fd{gZ)^ E l/«r%o^)- 

As above, for fixed g E G, we have matrix coefficients of ttJ^, a; e G/G^, so that for 
aU go e G°, 

figgo) = J2 Mgo)- 

xeG/GO 
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Thus 

(/' ^ \f{99o)\'d{goZ))'^ < Y: iL, \U{9.)?d{g,Z)y^ <^ 

JG /Z xeG/GO -"^ 1^ 

since every is square-integrable on jZ. Thus / is square-integrable on G/Z. ■ 

The following theorem can be proven in the same way as Theorem 2.18 using Lem- 
mas 2.20 and 2.21. 

Theorem 2.22. Let tt be an irreducible tempered representation of G. Then there 
are a cuspidal parabolic subgroup P — MN of G and an irreducible discrete series 
representation a of M such that n is a subrepresentation of Indp(cr). 

Remcirk 2.23. We will see in Corollary 3.2 that the group M and discrete series 
representation a in Theorem 2.22 are unique up to conjugacy. 

3. Intertwining Operators 

Let G be a reductive F-group with G/G^ finite and abelian as in §2. If tti and 7r2 
are admissible representations of G, we let J(7ri, 7r2) denote the dimension of the space 
of all intertwining operators from 7r2 to tti. We want to prove the following theorem. 

Let (Pj,Aj),i ~ 1,2, be cuspidal parabolic pairs of G with Pj = M^Ni the corre- 
sponding Levi decompositions. Let be an irreducible admissible representation of 
Mj on a vector space V^, and let TTj = Indp.((Ti), where we use normalized induction 
as in §2. Let ly = VF(Ai|A2) denote the set of mappings s : A2 ^ Ai such that there 
exists Us & G such that 5(02) = ysCi2ys^ for all 02 G A2. 

Theorem 3.1. Assume that ai and are either both supercuspidal representa- 
tions, or both discrete series representations. If Ai and A2 are not conjugate, then 
J {111,7:2) — 0. Assume Ai and A2 are conjugate. Then 

J(7ri,7r2) < E </(o-i,o-f )■ 

s&W 

Corollary 3.2. Let ai and 02 be as above. Then J{t:i, 1:2) = unless there is y & G 
such that Ml = M|, ai ~ . 

Corollary 3.3. Let cxi and 02 be irreducible discrete series representations, and sup- 
pose that TTi and 7T2 have an irreducible constituent in common. Then tti ~ 7r2. 

Proof: In this case J (7:1,7:2) 7^ so by Corollary 3.2 there is y E G such that 
Ml = M^,ai ~ (jf. Thus 

TTi = Ind^^^^((7i) = Ind^|jv^((7|) ~ Ind^^;v^((72) 

where N2 — Nf . Now P2 = M2N2 and P2 = M2N2 are two cuspidal parabohc 
subgroups of G with the same Levi component M2. We will see in Corollary 5.9 that 
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there is an equivalence R{P2 ■ P2 '■ C2) between 7^2 — Indp2((72) and — Indp^((72). 
Thus 

TTi ~ — 7r2. 

■ 

Let W{ai) = {s e W{Ai,Ai) : al ~ cri}. We say (7i is unramificd if W{ai) = {1}. 

Corollary 3.4. Assume that ai is discrete series. Then J(7ri,7ri) < [H^(cri)]. In 
particular, if a\ is unramihed, then tti is irreducible. 

In order to prove Theorem 3.1 for discrete series representations we will need the 
following results about dual exponents. Let (tt, V) be an irreducible representation 
of G and let V denote the algebraic dual of For x e G, let 7r(x)* : V V 
denote the transpose of 7r{x). Let {P,A) be a cuspidal parabolic pair in G. Then a 
quasi-character % of A is called a dual exponent of tt with respect to (P, A) if there is 
a nonzero 4> & V such that for all n G A'", a G A, 

1 

7r(ri)V = and 7r(a)V = (^;^(a)x(«)0- (*) 

We will write Yt^{P, A) for the set of all dual exponents of tt with respect to (P, A). 

Let V = Y.i=i Vi be the decomposition of V into (7° invariant subspaces and let tTj 
be the irreducible representation of G° on V^, 1 < i < /c. 

Lemma 3.5. Let (P, A) be a cuspidal parabolic pair in G. Then 

Y,{P,A)^ul,Y,XP',A). 

Proof: Let x ^ Y^^i^P, A) and let G V be a nonzero functional satisfying (*). Then 
there is 1 < i < A; such that 0^, the restriction of (f) to V^, is nonzero. Now for any 
Vi G Vi and 510 £ we have 

< Tri{goY(l>i,Vi >=< v:{goY(l),Vi > . 

Now since N and A are both contained in G^ it is easy to check that 

< 'Ki{nf(t)i, Vi >=< 0i, Vi > and < 'Ki{aY(l)i, Vi >= (51o(a)x(a) < (pi, Vi > {**) 

for all VieVi,neN,ae A. Thus x e ^7ri(P°, 

Now assume that x ^ ^) for some 1 < i < A;, and let 0j G T^' be a nonzero 

functional satisfying (**). Now vr is contained in the induced representation IndQo(7rj) 
so we can realize vr on a subspace V of 

n = {f:G^Vi: figgo) = 7r,(^o)-V(^), ^ e G,go G G°} 

with the action of tt given by left translation on the functions. Now define G by 

<0,/>=< >,/Gy. 
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Then (j) ^ and it is easy to check that for all go & G'^, f & V, we have 

< 7r(^o)V,/ >=< 7ri(yo)Vi,/(l) > ■ 

Prom this it easily follows that since 0j satisfies (**), satisfies (*). Thus x £ ^(-P, 
■ 

Lemma 3.6. Assume that G is cuspidal and let n be a discrete series representation 
of G. Then Y^{P, A) O A ^ for every cuspidal parabohc pair {P, A) ^ (G, Z). 

Proof: This follows easily from Lemma 2.21, Lemma 3.5, and the corresponding 
result for connected groups. ■ 

Let (Pq , Aq) be a minimal p-pair in G^ and let Pq be the cuspidal parabolic subgroup 
lying over P^. We will call (Pq, Aq) a minimal parabohc pair in G. 

Lemma 3.7. Let (P, A) be any parabolic pair in G. Then there is x E G^ such that 
Po C xPx''^,xAx~^ C ^0- 

Proof: Let M = Cg{A) and let P° = P n G°, = M D G^. Let A' be the split 
component of M°. Thus A C A'. Now (P°, A') is a p-pair in G° so there is a; e G° such 
that Po° C xP^x-^ and xAx'^ C xA'x'^ C Aq. Now Mq = Cg(^o) C CaixAx-^) = 
xMx-^ so that Po = MqP,? C {xMx-^){xP'^x-^) = xPx-^. m 

Wc will say a parabolic pair (P. A) is standard with respect to the minimal parabolic 
pair (Po,/lo) if Pq C P and A C Aq. We say {P,A) is semi-standard with respect to 
(Po,^) if ^C^. 

Fix a minimal parabohc pair (Pq, Aq) of G. Let Ng{Po,Ao) denote the set of all 
elements of G which normahze both Pq and ^40. Write Wg{Po, Aq) — Ng{Po, Ao)/Mq. 
If (P, A) is any parabolic pair of G which is standard with respect to (Pq, Aq) and 
M = Cg{A), write Nm{Po, Aq) = MnNciPo, Aq) and Wm{Po, ^o) = Nm{Po, Ao)/M^. 

Lemma 3.8. We can write P as a disjoint union 

P = [Jw^Wm{Po,Ao)WP^. 

Proof: We first prove the result when P = G. Let y E G. Then {yPQy~^,yAQy~^) is 
a minimal parabolic pair in G° and hence is conjugate to {Pq,Ao) via an element of 
Thus there is g E G^ such that gy normalizes both Aq and Pq. But then gy also 
normalizes Mq = Cg(^o) and Pq = MqP^. Thus gy e Ng{Po,Ao). 

Thus the coset yGQ has a representative n G Ng{Pq, Aq) which depends only on the 
coset w of n in Wg{Po,Aq). Since Ng{Pq,Aq) n = M^, ni,n2 G iVG(Po,Ao) 
determine the same coset of in G just in case they are in the same coset in 
Wg{Pq,Aq). Thus we have the disjoint union 

G — Liw^WG{Po,Ao)WG^ . 
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Now let (P, A) be arbitrary. There is a subset 9 of the simple roots A of (Pq , Aq) 
corresponding to P" so that P° = Pg. Note that Wa{Po, Aq) acts on A and that 
w~^P^w = P°g. Let w e Wg{Po,Ao) and suppose that P n 7^ 0. Let wgo e 
P n wG^,go e G*^. Then ^D^fp normalizes P° so that w~^P^w — QoP^Qq^ is conjugate 
to P^ in G"^. But w^^P^w = P^g is a standard parabolic subgroup of and so 
P°g = goP'^go^ = P". Hence (?o ^ Nqo(P^) = P^,w9 = 9, and -u; has a representative 
in P. Hence w normalizes A = {a e Aq : a{a) = 1 for all a G 6'}. But NG{A)r\P = M. 
ThusweWM{Po,Ao). m 

In order to prove Theorem 3.1 we extend the proof of Silberger in [13, §2.5] to the 
disconnected case. Fortunately many of the technical results on intertwining forms 

needed are proven in [13, §1] for any totally disconnected group and so can be directly 
used in our case. We follow Silberger's notation. Let (Pi, Ai) and (P2, A2) be cuspidal 
parabolic pairs in G. We may as well assume that they are standard with respect to 
a fixed minimal parabolic pair (Pq, Aq)- 

We need to study the orbits for the action of Pi x P2 on G given by y ■ (^1,^2) = 
Pi^yp2. RecaU that G° = U^Pq^Pq^ where v runs over W{G^,Ao) = Ngo{Ao)/M^. 
Thus, G = UyjwG^ = U^,„wPo°vPo° = Uyj^yP^^wvP^ where w e 1^0(^0,^0),^^ e 
W{G^,Ao). Now since Pq C Pj, i — 1,2, each double coset P1I/P2 can be represented 
hyy^wv,we Wg{Po, Ao),v e W^(G0, A). Write = WM.iPo, A), ^ = 1, 2. 

Lemma 3.9. Let O — P1W0VP2 be an orbit of Pi x P2 in G where Wq E Wg{Po, Aq) 

and V e W{G^, Aq). Then forw G Wg{Po, Aq), OHwG^ is empty unless w G WiWoW2. 
If w E 14^1^01^2, then O fl wG^ = wO^ where is a hnite union of orbits of 
{w~^Piw) X P2 in G^, all of which have hxed dimension do equal to the dimension of 
the orbit Oq = {wq^P^Wo)vP^ . 

Proof: Using Lemma 3.8 we can write 

P1W0VP2 = Uy,j^^yj^WiPiWoVW2P2 

where e = Wm^Pq, ^0), « = 1, 2. But 

WiP^WoVW2P2 = W{W~'^P^W)W2^VW2P2 

where w — W1W0W2 G Wg{Po, Aq). Thus WiP{'u'ofW2P2 C WiWqW2G'^ and for fixed 
w G W1WQW2, 

P1W0VP2 n WG° = W {W~^P^W)W2^VW2P2 

where W2 runs over elements of W2 such that 'W'W2^Wq^ G Wi. Finally, 

{W'^P^W)W2^VW2P2 = W2\wo^P^Wo)vP^W2 

so that 

dim{w-'^P^w)w2^vw2P2 = dim{wQ^P^Wo)vP^ = do- 
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Because of Lemma 3.9 each orbit O has a well-defined dimension da- For each 
integer u > 0, let 0{i') denote the union of all orbits of dimension less than or equal 
to I/. Set C(-l) = 0. 

Lemma 3.10. For each i> > 0, 0{v) is a closed set in the p-adic topology. Further, if 
O is an orbit of dimension d, then O U 0{d — 1) is also closed in the p-adic topology. 

Proof: Using Lemma 3.9 we see that 0{i') Pi wG^ = where O^iu) is the 

union of all orbits of {w^^P^w) x in G° having dimension less than or equal 
to v. This set is closed in the p-adic topology by [13, pg. 93]. Thus 0{v) is a 
finite union of closed sets, hence is closed. Similarly, if O has dimension d, then 
[O U 0{d - 1)] n wG^ = w{Oyj U 0^{d - 1)) where U 0^{d - 1) is a finite union 
of sets of the form O' U Ow{d — 1) where O' is an orbit of (w'^P^w) x P2 in G^ of 
dimension d. These are also closed by [13, page 94]. ■ 

Let E — Vi®V2 where Vi is the space on which ai acts, i — 1,2. Let T be the space 
of all ^'-distributions 7° on G such that 

T\X{pi)p{p2)a) = r°(5i(pi)^52(p2)^(7i(pi)-' ® <J2{p2)''a) 

for all (pi,P2) e Pi X P2,a e C^{G : E). Here A and p denote left and right 
translations respectively and 5i is the modular function of Pi,i — 1,2 The first step 
in the proof of Theorem 3.1 is the inequality [13, 1.9.4] 

i"(7ri,7r2) < dimT. (3.1) 

Here 1(711,712) is the dimension of the space of "intertwining forms" defined in [13, 
§1.6]. It is related to the dimension of the space of intertwining operators by /(tti, 7r2) = 
J{t^i-,t^2) where tti is the contragredient of 7ri. [13, 1.6.2] 

If O is an orbit of dimension d, write T{0) for the vector space of T*^ e T with 
support m. 0\JO{d—l) and % for the space of those with support in 0(i/). We have 

o 

and 

dimT < $3dim(r(0)/T,(o)_i). (3.2) 
o 

Lemma 3.11. Suppose that (Pi.Ai) and (P2i^2) aJ'c semi-standard cuspidal para- 
bolic pairs in G. Then Mi n P2 = (Mi n M2)(Mi fl N2) = *Pi is a cuspidal parabolic 
subgroup of Ml with split component *Ai = A1A2. 

Proof: We know from the connected case [13, p 94] that *Pf = Afj* fl P2 is a 
parabolic subgroup of with split component *Ai = A1A2 and Levi decomposition 
*Pi° = (M? n Ml){Ml n N2). Thus there is a cuspidal parabohc subgroup *Pi of Mi 
with split component *Ax and Levi decomposition *Pi = *Mi *A^i. Here *Mi = 
Cmi( *Ai) = Cmi (^1^2) = Ml n Cg{A2) = Ml n M2 and *Ni = M^ r\N2^Mir\N2. 
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Clearly *Pi = (Mi n M2)(Mi n A^2) C Mi n P2. Thus we need only show that 

Ml n P2 c *Pi. 

Let X e Ml nP2- Using the Levi decomposition of P2 we can write x — m2n2 where 
777.2 £ M2,n2 € A^2- Since 777.2/12 G Mi = Cg{Ai) we have 7712?T'2CIi?T'2 ''^"^2 ''^ — '^i for 
any ai G Ai. This implies that aj~^n2ain^"^ = ai^m2^aim2- But since (Pi,Ai) and 
(P2, /I2) are semi- standard, we have Ai G Aq G 6*0(^2) = ^2- Thus a]^^n2ain^^ G N2 
and ai^m2^aim2 G M2. Hence aj"^n2ain2 ^ = a J" ^ 777.2 ^Oi 777.2 G iV2 fl M2 = {1}. Thus 
7i2 and 7712 both commute with oi so that 712 G Mi fl N2 and 7712 G Mi fl M2. ■ 

Return to the assumption that (Pi, Ai) and (P2, A2) are standard with respect to 
(Po,Ao) and that y G VF(>lo) so that (Pj', is semi-standard. Using Lemma 3.11 
we know that *Pi = Mi fl Pf and *P2 = M2 fl Pf are cuspidal parabolic subgroups 

of Ml and M2 respectively. 

Let E'{y) denote the space of linear functionals (p on E = Vi V2 such that 

Slip)U2{P^ < (p,Cri{p)Vl^a2{p^ ^)V2 >^Sp^f^py{p) <(f),Vi^V2> 

for all p G Pi n P^, Vi eVi,i^ 1, 2. 

Lemma 3.12. Let m G *Mi = Mi n M|. Then 

5p^^pv{m) = 5^^i{m)^5^2{rn}' ') 5^1(777) 2^2(777^ 

where denotes the modular function for *Pi and 5i the modular function for 
Pi,i ^1,2. 

Proof: Define the homomorphism 6 : *Mi by 

5{m) = 5^i{m)H^2{rn^~^)Hi{m)^S2{rny~')^Sp^^py{rn)~^,rn G *Mi. 

By [13, §2.5.2], the restriction of S to *Mi fl G° is trivial. Now since the quotient of 
*Mi by *Mi n G° is a finite group, (5 = 1 on all of *Mi. ■ 

The proof of the following lemma is the same as that of Lemma 2.5.1 in [13]. 

Lemma 3.13. If (f) G E'{y), then vanishes on Vi{ *Pi) ®V2 + Vi® V2{ *P2). Let 
m G *Mi, 7;i (S)V2 G E, and (p G E'{y). Then 

< (t),(Ti{m)vi® (T2{wy ^)V2 >= 5*1(771) 2(5*2 (?77^ < (t),Vi ® V2 > ■ 

Corollary 3.14. If = then 

< 0, (Ti (777)^1 ® a2{mP ^)v2 >=< 0, vi<SiV2 > 
for all m G *Mi, 7;i (S)V2 G E, and 4> G E'{y). 

Proof: As in [13, §2.5.4], Ai = A\ implies that *A^i = *A^2 = {1} so that *Pi and 
*P2 are reductive and 5*i = 5*2 = 1- ■ 
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Corollary 3.15. Assume that o\ and 02 are either both supercuspidal or both dis- 
crete series. Then E'{y) ^ {0} imphes that Ai = A2. 

Proof: This follows as in [13, §§2.5.3, 2.5.5] using Proposition 2.17 and Lemma 3.6. 
■ 

The following Lemma is now proven as in [13, §2.5.7]. 

Lemma 3.16. Assume that Ui and 02 are either both supercuspidal or both discrete 
series. Let O be an orbit in G of dimension d. Then dimT(C)/7^_i = unless there 
exists y E O such that Ai — A^. If Ai — A^ for some y E O, then 

dim(r(o)/r,_i)</(f7i,a|). 

Proof of Theorem 3.1. Combine equations (3.1) and (3.2) to obtain 

/(7ri,7r2) < dimT < J] dim(T(0)/Trf(a)_i). 

o 

Now using Lemma 3.16, if Ai and A2 arc not conjugate, dim(T(0)/7^(o)_i) = for 
every orbit O so that /(tti, 7r2) — 0. If Ai and A2 are conjugate we have, again using 
Lemma 3.16, 

/(7ri,7r2) < dimT < ^ dim{T{Os)/%^o.)-i) < E H^u^f)- 

s£W s€W 

To complete the proof note that J{ni, 712) = /(tti, 712), J{<Ji, cr2°) = -^(^"i, crf^) and vfi = 
Indp^(a"i). Thus the statement with dimensions of spaces of intertwining operators 
rather than intertwining forms follows by substituting tti for tti. ■ 

4. i?-GROUPS FOR Indpo((7o) 

In this section we will study representations of G which are induced from a parabolic 
subgroup P° = M^N of Because in this section wc will only work with parabolic 
subgroups of G°, we will simplify notation by dropping the superscripts on P° and 
MO. 

Let P — MN be a parabolic subgroup of (7° and fix an irreducible discrete series 
representation (cr, V) of M. Define 

np{a) = {feG°°{G,V):f{xmn) = 6p^m)a{m)-^f{x) for all x eG,me M,ne N} 

where Sp is the modular function on P. Then G acts by left translation on 7Yp(cr) 
and we call this induced representation Ip{a). We will also need to consider liPp{a) = 

{0 e C°°(G'°, V) : (t){xmn) = 5p^m)(T{m)-^ ^{x) for all x eG'^,me M,ne N}. 
G^ acts by left translation on H%{a) and we call this induced representation Ip{cr). 
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It is well known that the equivalence class of Ip{cr) — Indp (a) is independent of 
P. But 

Ip{a) = Ind^(cr) ~ Indgo lndf{a), 

so that the equivalence class of Ip{(j) is also independent of P. We denote the equiv- 
alence classes of /p(cr) and /p(cr) by icM^^) ^go,m(c") respectively. If tt is a 
representation of G° we will also write iG,Go{T^) for the equivalence class of the in- 
duced representation IndQo(7r). 

We first want to compare the dimensions of the intertwining algebras of iG,M{<^) 
and iG0,M(c) • For this we need the results of Gelbart and Knapp summarized in §2 
and the following facts. 

Lemma 4.1. Suppose tti and tt2 are irreducible representations ofG^. Then icG^i'^i) 
and iG,Go(^2) have an irreducible constituent in common if and only if 1x2 — Trf for 
some g & G. In this case they are equivalent. 

Proof: For i — 1,2, write 

xex/x(n,) 

as in Lemma 2. 13. Suppose that icG" (^1) ^-nd i^G" (^2) have an irreducible constituent 
in common. Then Hi Xi — n2 (S> X2 for some Xi, X2 G X. Now 

772 C Ha X2IG0 ^ Hi (g) XiIgo C iG,Go{^l)\GO ^ J2 ^1- 

geG/G" 

Thus 7r2 — 7rf for some g E G. Conversely, if 1:2 — nf for some g E G, then clearly 

«G,Go(7r2) ^ «G,Go(7ri) ^ iG,Go{7^l)- 

■ 

Lemma 4.2. Suppose that for some g & G, both tt and 71^ arc irreducible constituents 
of ^go,m(c)- Then there is xq G G° such that gxo G Nda) = {x G Ng{M) : ~ cr}. 
Converseij, if tt is an irreducible constituent of iGO,Mic) and if g G Ng{(7)G^ , then 
71^ is also an irreducible constituent of iG0,M(c) and tt and tt^ occur witi tie same 
multiplicities. 

Proof: Suppose that tt, tt^ C iGO,M(o")- Then since tt^ C iG^\M3{<^^), we see that 
^go,m(c) s-nd '^G",M3{o'^) have an irreducible constituent in common. Thus there is 
Xq G such that M^^° = M and a^^° ~ a, i.e. gxo G Ai'G(o'). Conversely, if 
g G A^g(c")G°, then the multiplicity of tt in iGo,M(c") is equal to the multiplicity of tt^ 
in iGO,M{cry ^ iGO,M'i'^'^) - ^go,m(o-)- ■ 
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Lemma 4.3. Let tc be an irreducible constituent of iG0,M(c) s,nd let Gt^ — {x & G : 
TT^ ~ tt}. Then 

[GJG'] = [NGM/NGo{a)] 
where NGo{a) = Nda) fl and Ng^{(t) = NG^a) n G^. 

Proof: Consider the mapping from NG^io-) to G^^/G^ given hj g ^ qG^. Its kernel 
is Ng^{(j) n = iV(jo((T). Further, given g e G^^, tt^ ~ tt occurs in iGO,M(c); so by 
Lemma 4.1 there is xq G Gq such that grxo e Ng{cf). But 7r^^° ~ tt^ ~ tt so that 
qxq e n Ng{(t) — NG^{cr) and qxqG^ — gG^. Thus the mapping is surjective. ■ 

Let C{a) denote the algebra of G-intertwining operators for iciwif^) a-nd let C^{a) 
denote the algebra of G"- intertwining operators for iGO,M(c)- 

Lemma 4.4. dimG{a) = dimG°{a)[NG{(T)/NGo{a)]. 
Proof: Let 

be the decomposition of iGO,M{<^) into irreducible constituents. For tti,7T2 G S{a), we 
will say that tti ~ 7r2 if there is 51 e G such that n2 ^ Trf. Then using Lemma 4.2, we 
have TTi ~ 7r2 if and only if 772 — 7rf for some e NG{cr). We can write 

^go,m(o-) = J2 J2 

Now 

«G,m(o-) ~ iG,Go(«GO,M(o-)) ^ ^ ^ iG,Go(7r^) 

- ^ m^[7Vc((j)/7Vc^((j)]r, ^ ® X 

7re5(f7)/~ xGA:/x(n^) 

where 11.,^ is an irreducible representation of G such that tt C IlTrlGO- Because of 
Lemma 4.1, the representations ® x ^-re pairwise inequivalent as tt ranges over 
S{a)/ ~ and x ranges over X/X(n.Tr). Thus 

dimG(a)= m^[A^G(<7)/iVG.(<7)]M[X/X(n.)]. 

7rG5(<T)/~ 

But by Lemmas 2.13 and 4.3, 

rl[X/X{U^)] = [G^/G'] = [7VG.(<7)/iVGo(<7)]. 

Thus 

dimG(a)= E m^[ArG(a)/ArG^(a)]2[7VG.(a)/iVGo(a)] 

7rG5(f7)/~ 

= [iVG(a)/iVGo(a)] ml[NG{a)/NGM] 

7reS((T)/~ 
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= [NG{a)/NGo{a)]diuiC%a). 

■ 

We now want to find a basis for C(o"). We proceed as in tlie connected case. Let 
A be tiie split component of tlie center of M and write for the dual of its complex 
Lie algebra. Each G determines a one-dimensional character Xi^ of M which is 
defined by 

We write {Ip{(y '■ u),T-lp(a : u)) and (/p(o" : v),liPp{a : v)) for the induced representa- 
tions of G and as above corresponding to = a ® Xv K he a, good maximal 
compact subgroup of G^ with respect to a minimal parabolic pair (Pq, ^o) of G° such 
that Pq (Z P, A <^ Aq. Then G° = and we also have the usual compact realization 
of I%{a) on nf{a) = 

{Jk e C~(X, V) : fxikmn) = a-\m)fK{k) ior all k e K,m E M f] K,n E N f] K}. 
The intertwining operators between TCp{a, u) and Hp (a) are given by 

P#(z/) z/) 

Fj^{v)(t){k) = (t){k), e H^((T ■.v),kEK. 
For all /if e n^{a),xE G^, 

Here for any x e e //(x) e M are chosen so that x e K{x)jjL{x)N . 

Since we don't know whether there is a "good" maximal compact subgroup for G, 
we don't have a single compact realization for Ip{cr). However we can proceed one 
coset at a time as follows. Write G as a disjoint union of cosets, G = Uf^iXiG'^. For 
any / e Hp{a, u),! < i < k, we can define 

f{x), ifxexjC^; 
0, otherwise. 

Then fi e Hp{a : u) for each i and / = J2i=i fi- For each 1 < i < k, define 

F'p{u) : Hpia : u) ^n^{a) 

by 

^M^)/(^) = fi^ik), f e Wp(fT ■.u),ke K. 

Define 

by 

F'p{iy)-^ fK{x) = I '^p'(/^K))o-j7H/^K))/x(«(a;o)), iix^XiXo,Xo G 
1 0, otherwise. 
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Then F},{u)Fl.{u)-^fK = /x for all e n^{a) and Fl,{u)-^Fl,{u)f = /, for all 
/ e np{a : I/). 

If P = MA^ and P' — MN' are two parabolic subgroups of with Levi component 
M, then we have the formal intertwining operators 

J°(P' -.P-.a-.u): 7fp{a : v) H%{a : i/) 

given by the standard integral formula 

J\P' -.P-.a: = / (j){xn)dn, x e G°. 

Jndn' 

Here MN is the opposite parabohc to P and dn is normalized Haar measure onNCiN'. 
We can define 

J(P' -.P-.a-.v): Hp{a : i/) ^ Hp'{a : v) 

by the same formula 

J{P' -.P-.a: v)f{x) = [_ f{xn)dn, xeG. 

JNnN' 

In order to talk rigorously about holomorphicity and analytic continuation of these 
operators we transfer them to the compact realizations. Thus we have 

4(P' -.P-.a-.u): n^{a) ^ n^{a) 

defined for fx G Hp {a), k e K,hy 

JUP' ■P -<y - ^)fK{k) = F^,{u)j\P' -.P-.a: u)F^ {u)-' Uik) = 

[_ Sp^ {ii{kn))a~^ {ii{kn)) f K{K{kn))dn. 
JNnN' 

Theorem 4.5. (Harish-Chandra [7,13]) Suppose a is an irreducible discrete series 
representation of M. There is a chamber a^{P' : P) in such that for v G Q*ciP' '■ P) 
the formal intertwining operator J^{P' : P : a : u) converges and defines a bounded 
operator. For a fixed fx G Hp {a), the mapping 

V ^ Jl{P' ■.P:a:v)jK 

from ^q{P' : P) to 'Hp{a) is holomorphic. Further, it extends to a meromorphic 
function on all of g^. 

Because of Harish-Chandra's theorem we can define J°(P' : P : cr : i/) for all G 

by 

J°(P' : P : (7 : i/) = F^,{v)-^ Jl{P' : P : a : iy)F^{u). 
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Corollary 4.6. Suppose a is an irreducible discrete series representation of M. Then 
the formal intertwining operator J[P' : P : a : v) converges and defines a bounded 
operator for u e g^c{P' '■ P)- Further, for all u e Q^c{P' : P), we have 

k 

J{P' :P:a:u) ^Y.Fl.{v)-^ JI{P' : P : a : v)F'p{u). 

i=l 

Proof: It is clear from the definitions that for u e ^c{P' '■ P):f ^ 'Hpia : z/),a; e 

J(P' -.P-.a: u)f(xxo) = J°(P' : P : a : u)(l)(xo) 

where = l{^~^)f\GO is the restriction to G° of the left translate of / by x~^. Thus 
the integral converges. Fix 1 <i < k. An elementary calculation shows that 

Fi.{iy)J{P' -.P-.a: iy)F'p{u)-^ = 4(P' : P : a : u). 

Thus for any / G Hp(ct), since clearly J(P' : P : a : v){fi) = {J{P' : P : a : v)f)i we 
have 

F'AvY^JUP' ■.P:a:v)Fi,{v)f 

= F'p,{iy)-'F'p,{iy)J{P' : P : a : u)F'p{iy)-'F'p{iy)(j) = {J{P' : P : a : u)f),. 

■ 

Because of Corollary 4.6 we can define J{P' : P : a : v) for all G by the 
formula 

k 

J{P' : P : (7 : I/) = Y^F'p,{u)-^J^j^{P' : P : a : iy)F'p{u). 

i=l 

Corollary 4.7. Let u e a^, f e Hp{a : u),x e G,Xo e G". Then 
J{P' -.P-.a: u)f{xxo) - J°(P' : P : a : v)^{xo) 
where (f) — l{x~^)f\G0. 

Proof: Suppose that I < j < k. Because J^{P' : P : a : u) commutes with the left 
action of G'^, it is enough to prove the result for x — xj. For any G a^, / G 7Yp(cr : 
u),Xo e G'', JiP' : P : a : u)f{xjXo) ^ 

j^FU^r^JxiP' ■P-^- iy)FMf{xjXo) = P^,(i/)-^J°:(P' -.P-.a: v)Fi{v)f{x^x,) 

1=1 

= F^>{y)-'Jl{P' -.P-.o: iy)F^{iy)M^o) 
where (f)j — L(x~^)/|go. ■ 
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Fix scalar normalizing factors r(P' : P : cr : i/) as in [2] used to define the normalized 
intertwining operators 

R%P' -.P-.a)^ r{P' -.P-.a: 0)-V°(P' : P : cr : 0). 

Using Corollary 4.7, the fact that r(P' : P : a : i>)~^J^{P' : P : a : u) is holomorphic 
and non-zero at z/ = will imply that r(P' : P : a : v)^^J{P' : P : a : v) is also 
holomorphic and non-zero at = 0. Thus we can use the same normalizing factors to 
define 

R{P' :P:a)^ r{P' : P : a : 0)-^J(P' : P : cr : 0). 
For the normalized intertwining operators we will also have the formula 

R{P' : P : a)f{xxo) = P°(P' : P : a)0(a;o) 
where notation is as in Corollary 4.7. 

Lemma 4.8. Suppose Pi, P2, and P3 are parabolic subgroups of with Levi com- 
ponent M. Then P(Pi : P3 : a) = P(Pi : P2 : a)R{P2 : P3 : a). 

Proof: This follows easily using Corollary 4.7 from the corresponding formula for the 
connected case. ■ 

Lemma 4.9. Suppose Pi and P2 are parabohc subgroups of G° with Levi component 
M. Then R{P2 : Pi : a) is an equivalence from Hp-^{a) onto Hp^icr). 

Proof: It follows from Lemma 4.8 that 

P(Pi : P2 : a)R{P2 : Pi : a) = P(Pi : Pi : a). 

But it follows from the integral formula that J(Pi : Pi : a : is the identity operator 
for u in the region of convergence, and hence for all u. Thus P(Pi : Pi : cr) is a 
non-zero constant times the identity operator and so P(P2 : Pi : cr) is invertible. ■ 

Let X e Ng{M). Then if Pi = MNi is a parabolic subgroup of with Levi 
component M, so is P2 = xPx~^ = xMx'-^xNix"-^ = MN2- Let dni and dn2 denote 
normalized Haar measure on A^i and N2 respectively. (Thus dui assigns measure one 
to KnNi.i^ 1, 2.) Define ap^x) G R+ by 

/ (j){n2)dn2 ^ ap^{x) (f){xnix~'^)dni,(j) e C^{N2). 

For all me M, 

ap^{m) = 5p^{m). 

Further, if x e Ng{K) n Ng{M), then ap^{x) — 1. The following lemma is an easy 
consequence of the definition. 
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Lemma 4.10. Let x,y e Ng{M). Then 

ap{yx) = a^p^-i{y)ap{x). 
Moreover ifmeM,ye Ng{M), then 

ap{ym) = ap{y)5p{m). 

Now let Nci^a) = {g e Ng{M) : ct^ ~ ct} and let Wg{(t) = Ng{(t)/M. Let 

^C'l^") = {Ng{(^) n G^)/M. If w G WGio-), a can be extended to a representation of 
the group generated by M and any representative for w in NGicr). Fix such 
an extension and denote it by Now we can define an intertwining operator 

Ap{w) : Hy,-ipu,{cr) Hp{a) 

by 

{Ap{w)f){x) = (Tui{nyj)a^-ip^{nyj)2 f{xn^). 

The ayj-ipyj term is not used in the connected case because coset representatives 
can be chosen in K where a^-ip^ = 1. In the general case we don't know if there is 
a natural choice of coset representatives with a^-ipw = 1- Thus we add the a^-ip^ 
term so that Ap{w) is independent of the coset representative for w. Ap[w) does 
however depend on the choice of the extension o"^. 

Lemma 4.11. The intertwining operator Ap{w) is independent of the choice of coset 
representative riw for w e For Wi,W2 G there is a non-zero complex 

constant cp{wi,W2) so that 

Ap{WiW2) = Cp{Wi,W2)Ap{wi)A^-ip^^{w2). 

Proof: Using Lemma 4.10 we have for any m & M, f & 'Hw-'>^Pw{<^), 

ay, (nyjUi) ay,-ipyj (nyjUi) ^ f {xn^m) 

= at„(rit„)CT(m)at„-iPi„(ri^)^5^-ip^(m)^(T(m)~-^5^„-ip^(m)~^/(a;n^) 
= (7^(n^)Q!^-ip^(n^)^/(xn^). 

Thus the intertwining operator is independent of the choice of coset representative. 

Let wi,W2 G Wg{(7) and fix coset representatives ni,n2 for wi, W2 respectively. Then 
we can use nin2 as a coset representative for WiW2. We will also write Pi = w^^Pwi 
and Pi2 = W2^w{^PwiW2. For any w G Wg(o") and representative for w we have 

for all m G M. Thus 

(7wiw2 ijiin2)cF^.^ {n2y^o-wi i^iy^ 
is a non-zero self-intertwining operator for a and hence there is a non-zero constant c 
so that 

(711^2) (ni)(j^(,2(n2). 
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Further, from Lemma 4.10 we have 

Q;pi2(^i^2) = api(m)api2(?^2)- 
By definition, for any x & G, f & Ti-p^^i^), 

Ap{wiW2)f{x) = crw^w2inin2)api2inin2)^ f{xnin2) 

= c(T^i (ni ) ttp, (ni ) 5 cr^2 (^2 ) api2 (na ) ^ / (xni n2 ) 
= cAp{wi)A^-ip^^{w2)fix). 

■ 

If w e Wgo (a) and is chosen to be in K, then we also have 

A%w) : K-.pJa) - nlia) 

given by 

(A°(w)0)(a;) = cr^(n^)0(xn^). 

The compositions 

R\wo,(t) = A\wo)R\wo^Pwo ■.P:a),Woe Wc^ia), 

R{w,a) = Ap{w)R{w'^Pw : P : a),w e Wda), 
give self-intertwining operators for Ip{a) and /p(cr) respectively. 
Lemma 4.12. There is a cocycle f] so that 

R{wiW2, cr) = 7]{wi, W2)R{wi, a)R{w2, cr) 
for all Wi,W2 e Waicr). 

Proof: Using Lemmas 4.8 and 4.11, we have 

R{wiW2,(t) — Ap{wiW2)R{w2^Wi^ Pwi'W2 : P : a) 
= cp{wi,W2)Ap{wi)A^-ip^^{w2)R{w2^w'^^PwiW2 : W2^Pw2 : a)R{w2^Pw2 : P : a). 
We will show that there is a non-zero constant Cp(wi, W2) so that 

= c'p{wi,W2)R{wYPwi : P : a). 
When this is established we will have R{wiW2, cr) = 

cp{wi,W2)c'p{wi,W2)Ap{wi)R{wi^Pwi : P : a)Ap{w2)R{w2^Pw2 : P : a) 

= Cp{u)i, W2)Cp{wi, W2) R{lL!l, (t)R{w2, (J) ■ 

Thus 7] can be defined by ri{wi,W2) = cp{wi,W2)c'p{wi,W2). It is immediate from the 
formulas for the composition of the operators R{wi, a) that ?] is a 2-cocycle. 

In order to prove the above identity we need to go back to the original definition of 
the standard intertwining operators. Waicr) acts on and x,^(n~-'^77mt(,) = Xwi^inT) 



28 DAVID GOLDBERG AND REBECCA A. HERB 

if Uw is any representative of w G Wg{o-). Now for any z/ G a^, / G H-w-'^Pwi.'^-i J^),x & 
0,171 E M,n & N, if Ap{w) is defined exactly as above, we have 

Ap{w)f{xmn) = at^,{ny_)a,^-ip,^{nu)^ f {xmnuy,) 

= 5p{m)'^a{m)~^Xwu{rn)~^ay,{n^)a^-ipy,{n^)^f{xn^) 
= 5p{m)~^a{m)~'^Xwv{rn)~'^Ap{w)f{x). 
Thus Ap(t(;) maps Ti.w-^Pwi'^,^) 'Hp{a,wv). Now write P\ — Pwi, P2 — 

W2^PW2, 

P12 = W2^Wi^PwiW2 and consider the composition 

Ap^{w2)J{Pl2 ■.P2-T- W2-V)Ap(w2)-^ 

It maps 

Hp{a,iy) Hp2{(J,W2^i^) — >■ Hp^^i'^^^'z^^) ~^ T^Pii'^^ 
If V is in the region of convergence for the integral formula for J(Pi2 : P2 '■ cr '■ W2 ^u) 
and dn2 denotes normalized Haar measure on N2 n A^i2, then we have 

Ap^{w2)J{Pi2 ■P2-cr- w^^iy)Ap{w2)~^f{x) 

)2 J(Pi2 : P2: cr : W2^i^)Ap{w2) ^f{xnw^) 

= (Jy,^{nyj^)ap^^{nyj^)^ _ Ap{w2)~^ f {xn^^n2)dn2 

JN2nNi2 

= (T^2(n^2)Q;pi2(n^2)^ /_ ap2inw2)~^(^w2i'iT'W2)~^fix'iT'W2'^2n~l)dn2 

JN2nNr2 

= q;pi2 {uyj^ ) ^ ap^ (n^2 ) ^ W- / (2^'^«^2^2n;;;2 ) dn2 . 

JN2nNi2 

But N2riNi2 — W2'^{N nNi)w2 so if dn denotes normalized Haar measure on A'^n A^i, 
there is a positive real number r so that 

/_ <P{nyj^n2n~l)dn2 = /• /_ (f)iji)dn 

JN2r\Ni2 JNnNi 

for all (peC^iNnNi). Thus 

Ap^{w2)JiPi2 : P2 : ^ : W2'iy)Ap{w2)-' f{x) 
^apM'^ap^M-'^r[_ f[xTl)M 
= ap^2i'nw2)^0!P2{nw2)~^rJ{Pi : P : a : i')f{x). 

Setting 

Cp{wi,W2) = ap^^{ny,^)2ap^{n^^)~2r 

we have 

Api(w2)J(Pi2 : P2 : 0- : w^^u)Ap{w2)'~^ = Cp(«;i, ^2) J(Pi : P : a : u) 
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for all p in the region of convergence for the integral formula for J(Pi2 : P2 '■ : w^^z/). 
By analytic continuation, the identity is valid for all v. Now divide both sides of the 
equation by r(Pi2 : P2 '■ o- : W2^u) and evaluate at 1/ = 0. We obtain 

Ap,{w2)R{Pi2 ■■ P2 ■■ a)Ap{w2)-' = c'p{w,,W2)R{Pi -.P-.a) 

where 

c'p{w,,W2) = 4{w,,W2)r{P, -.P-.a: 0)r{Pu : P2 : cr : 0)-\ 

■ 

For e nU(^) define / = $(0) G 7ip(a) such that f{x) = if x ^ (7° and 
f{xo) = (f){xo) if xo e G°. 

Lemma 4.13. Let f — $(0) as above. Then for all w, Wi e Wg((t), G 

i?(w,(7)/(a;on;;;^^) = 

unless w = WiWq, Wq G Woofer). If w = ^viWq, wq G Wg»{o-), then R{w, o-) f {xoU^D = 
r}{wi,wo)ayj^{nyjJa^-ip^^{nyjJ^R^{w];^Pwi : P : (T)i?°(wo : a)(j){xo). 

Proof: For any x e G,w e Wg{(t), using Corollary 4.7, R{w~^Pw : P : cr)/(x) = 

R^{w~^Pw : P : o")0'(l) where 0' is the restriction to of l{x~^)f. Now since 
/ = $(0) is supported on G^, 0' = unless x G G". If Xq G G*^, then R{w~^Pw : P : 
a)/(a;o) = R\w'^Pw : P : a)0(a;o). 
Now by definition, P('u;, (T)/(xon~J) = 

a^{nw)a^-ipy,{nw)^^ R{ur^ Pw : P : o-)/(a;on;;;^^n^). 

By the above this is zero unless n~\nw G that is unless w = wiWcWq G iyGo((T). 
In this case, using Lemma 4.12, 

R{wiWQ,a)f\xQn:^\) = r]{wi,Wo)Riwi : a)R{wo : a)f{xon~l) 
= ?7('»^i,'«^o)(7-t(,i(n^jQ!^-ip^^(n^J^P(w;iPtt;r^ : P : (j)P(wo : (T)f{xo) 
= 77(^1, wo)(7^i(n^i)Q;^-ip^j(n^J^P°('i/;iP'i/;r^ : P : (t)R^{wq : a)(f){xo). 

■ 

Recall that if we write W^oicy) for the subgroup of elements w G Wgo{(t) such that 
R^{w,a) is scalar, then iy^o(o") = is generated by reflections in a set $1 of 

reduced roots of {G,A). Let be the positive system of reduced roots of {G,A) 
determined by P and let $5*^ = $1 fl If we define 

P° = {w G Wgo{ct) : w/3 G for all /5 G $|}, 

then WGo{a) is the semidirect product of P° and W{^i). P° is called the P-group 
for Ip{(T) and the operators 

{R'{r,a),reRl} 
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form a basis for the algebra of intertwining operators of Ip{a). We will define 
K^{we Waia) :w(3e^+ for all (3 e ^t}. 

Clearly 7?, n (7° = 

Lemma 4.14. R{w, a) is scalar if w e W{^i), and Wcicr) is the semidirect product 
ofW{<l>i) and 

Proof: Fix w e W{^i),nw E K a, representative for w, and / e Hp{a). Then for all 
X eG, 

R{w,a)f{x) = ayj{nyj)R{w'^Pw : P : a)f{xnyj) = ay,{nyj)R°{w'^Pw : P : a)(t){nw) = 

where 4>{xq) = /{xxq) for all G G^. Thus 

R{w,a)f{x) = R'{w,a)<P{l). 

But since w G l^($i) there is a constant Cu, such that R^{w, a)(l) — Cwcf) for all 
(j) e H?>((t). Thus 

R{w,a)f{x) = c^t,0(l) = c^f{x) 

so R{w, a) is scalar. 

We must show that for any w G Wa{(T),w^i = $i so that 

Ra^{we Waia) : = $+}. 

Then as in the connected case it will be clear that Wcicr) is the semidirect product 
of R„ and W{^i). Let w G WG{cr).a G $i, and let Sq, G W{^i) denote the reflection 
corresponding to a. Then wSaW^^ = s^a G WGo{a). But i?(sa : a) is scalar so that 
using Lemma 4.12, so is R{syja:(^) = R{wSaW~^ : a). This imphes as above that 
R^{swa:Cr) is scalar. Hence s-^a G l^($i) and wa G ■ 

Lemma 4.15. The dimension of C{a) is equal to [Ra\- 

Proof: By Lemma 4.4, 

dimC(a) = [7Vc(a)/7Voo((7)]dimC°((7) = [Waia) /WGo{a)][Rl] 

= [WG{a)/WGo{a)][WGo{a)/W{^{)] = [Wg{(j) /W{^^)] = [R,]. 



Theorem 4.16. The operators {R{r,a),r G Ra} form a basis for the algebra of 
intertwining operators of Ip{cr)- 
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Proof: By Lemma 4.15 it suffices to show that the operators are Hnearly independent. 
Suppose that Cw,w e R^, are constants so that 

J2 CyjR{w,a)f{x) = 

for all / e np{a),x G G. Fix wi G Ra- Then for all / = $(0) with e n%{a) and 
all xo e we have 

J2 Cu,R{w, a)f{xon~l) = 0. 

weRa 

Now by Lemma 4.13, R{w,a)f{xon^l) = unless w — wiWq where wo G Wao{a) fl 
Ra — R^. Now again using Lemma 4.13, 

= CwiwoV{wi,wo)ayj,{nyj,)a^-ip^^{nyj,)^R°{wi^Pwi : P : a)R°{wo : a)(l){xo) 

= (7^i(n^jQ;^-ip^j(n^J^-R°(wj"^Pwi : P : a) ^ c^i^o77(^wi, wo)-R°(iyo : o-)0(xo). 
Thus 

X] c^i«;o^(^i'^o)-R°(«^o : cr)(t){xo) = 

for all (j) e Ti-picr) and all G G'^. Now since we know that the operators -R°(wo : cr) 
are linearly independent on 7i%{a), we can conclude that the c„,^tu(,7y(wi, Wq) and hence 
the c^j^wo ^-re all zero. ■ 

As in Arthur [2] we now have to deal with the cocycle rj of Lemma 4.12. Fix a finite 
central extension 

1 — > — > -RfT 1 

over which rj splits. Also define the functions : R^ ^ C* and the character Xa of 
as in Arthur [2]. Then we obtain a homomorphism 

R{r,a)=C\r)R{r,a),reRa, 

of iiito the group of unitary intertwining operators for /p(cr) which transforms by 

R{zr, a) = x<j{z)~^R{r, a),z e Za,r e R„. 

Now we can define a representation 7?. of Pp. x G on T-[p{a) given by 

TZ{r, x) — R{r, a)Ip{a, x),r & R^, x & G. 

Let Il{Ra, Xa) denote the set of irreducible representations of R^^ with Z^. central 
character Xa and let Ila{G) denote the set of irreducible constituents of Ip{cr). 
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Theorem 4.17. There is a bijection pt-^ np ofIl{Ra,X(T) onto Ila{G) such that 

^ = ®p6n(fl.,x.) (P'^^p)- 
Proof: Write the decomposition of 71 into irreducibles as 

where p runs over Il{Ra, Xa), tt runs over Ilf^{G), and each m^^Tr > 0. This corresponds 
to a decomposition 

p,7r 

where V^v and W^r denote the representation spaces for the irreducible representations 
p^ and TT. For each p, we also write 

TT 

for the p-isotypic component of 1-Lp{a). Each subspace Tip is invariant under the action 
of TZ, in particular by all of the intertwining operators R{r,a),r G Ra- Since these 
intertwining operators span the space C{a) of G-intertwining operators for Tip^a), 
each T e C{a) must satisfy T{Hp) C Hp for every p. 

We will first show that given vr, there is at most one p such that m^.^ > 0. So fix vr 
and suppose that there arc pi and p2 such that mp^^^^ > O.i = 1,2. Then Wj^ occurs 
as a G-summand of both Tipi and 7Yp2- Thus there is T12 7^ in Ho'mG{'Hpi,7ip2)- 
We can extend T12 to an element T of C(a-) by setting T — T12 on Hp^ and T = on 
Hp, p 7^ pi- Thus there is T in C{a) such that T{Hp^) C Tipj- But by the remark in 
the previous paragraph, T{Hp^) C Hp^. Now since T{HpJ 7^ 0, we must have pi ~ p2- 

Now fix p and look at Tip ~ V^v (g) where W = W^^'"'" • We will show that 
W is irreducible as a G-module. Thus suppose that = l^i ® 1^2 where Wi, W2 are 
C-submodules of W. Then we can define T e C{a) by T{v ® {wi + W2)) — v <Si wi ii 
V e Vpv,wi e Wi, W2 e W^2, and T = on Tip/ if p' 9^ p. Now since T e C(cr), we can 
write T = J2r Cr'^(r, cr) where r runs over Thus for all v e V^v, wi e H^i, W2 G H^2, 
we have 

v (8) wi = T(v (g) (wi + W2)) = Crp'^{r)v) (g) wi + CrP^(r)t') (g) ■u;2. 

r r 

Suppose 1^2 7^ 0. This imphes that J2r Crp'^{r)v — for all v so that v <Si wi — ior 
all Wi. Thus W^i = {0} and hence W is irreducible. But this implies that m^^jr ^ 1 
for all TT and that there is at most one tt such that mp^T^ = 1. 
Define 

Hi — {p e Ii{Ra, Xa) '■ rnp,-n- — 1 for somc tt}. 
For each p e Hi we have shown that the representation tt such that mp^jr = 1 is unique. 
Thus we will call it TTp. Further, we have shown that TTpj ~ TTpj just in case pi ~ p2. 
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Further, by definition of Ilcr{G), each vr G Ilcr{G) occurs in Tip^a) and so must be of 
the form Hp for some p G Hi. Thus to complete the proof of the theorem we need only 
show that Hi = Ii{R„,Xa)- 
Since 

we must have dim C((t) = '^^pen^i.deg p)^. But since the R{r,a),r G Ra, form a basis 
for C((t), we know that 

dimC(a) = K]= {degpf. 

Thusni = n(^,,xa). 

Remark 4.18 Suppose now that G/G^ is cyclic. Then in [1], Arthur predicts a dual 
group construction of a group R^,a, in terms of the conjectural parameter ip for the 
L-packet of a, which should also describe the components of Indp(cr). In particular, 
Rip,a — Wip,cr/W^,^, where these groups are defined in terms of centralizers of the 
image of ip. Furthermore, Arthur has conjecturally identified ^ with and 
W^^cr with Wg{o'). Thus, if the conjectural parameterization exists in the connected 
case, and Shelstad's Theorem [12] extends to the p-adic case, then it must be the 
case that R^ — Rip,a- That is, we have shown that there is a group side construction 
of Arthur's i?-group, if such an object exists. (For more details see [1] and [6], 
particularly Sections 1 and 4.) 

5. i?-GROUPS FOR Indp(a) 

In this section we will study representations of G which are induced from discrete 
series representations of a parabolic subgroup P of G. Thus we revert to the notation 
that parabolic subgroups of G^ arc denoted by P°. 

Let P = MN be a cuspidal parabolic subgroup of G. Let a be an irreducible 
discrete series representation of M and let (Tq be an irreducible constituent of the 
restriction of a to M°. We want to find a basis for the intertwining algebra G{a) 
of the induced representation lndp{a). Since a is contained in Indj|^o(cro) we know 
Indp((T) is contained in Indp(Indi|^o(o"o)) — Indpo(cro). In §4 wc found a basis for the 
intertwining algebra C(o"o) of Indpo(o'o). We will see how to obtain a basis for C(cr) 
by restricting the intertwining operators defined in §4. 

We first need to embed cr in a family a^jU E a^, where a is the real Lie algebra of 
the split component A of M. Write X{M),X{A) for the groups of rational characters 
of M, A respectively. Let 

r : X(M) ®z R ^ X(A) 0z R 
be the map given by restriction. That is r(x <Sit) — x\a <8) i for x G X{M),t G R. 
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Lemma 5.1. The homomorphism r : X{M) 0z R -^(^) surjective. 

Proof: Since G is a linear group we have an embedding of G in L = GL{V), where V 
is a finite dimensional F-vector space. Since A is a split torus, the action of A on 
can be diagonalized. For any x ^ ^i^) V{x) = {v E V : av = x(o)'^ foi' all a G A}. 
Let Xi, 1 < i < A;, denote the distinct elements of X{A) such that Vi = V{xi) {0}- 
We can identify a & A with the block diagonal matrix with diagonal entries Xi{o)Idi 
where di — dimV^ and /rf. denotes the identity matrix of size di,l < i < k. 

Since M = CdA), we' have M C Cl{A) ~ GL{Vi) x GL{V2) x ... x GL{Vk). For 
each 1 < i < k we can define detj G X(M) by detj(mi, m^) = dctmj. Now 
deti®(ij~^ G X(M) (8)z R and for a e A, deU iS)d^^ (a) = xMY" ® = ® 1- 

Thus r(deti <E)rfj~^) — Xi'S'l- The Xi, 1 < i < A;, are generators of X{A), although they 
need not be independent. Thus r is surjective. ■ 

Let Xo{M) = {x G X{M) : x|mo = 1}- 

Lemma 5.2. The icemeJ of r is Xo(M) (8)z R. 

Proof: Suppose x <H) t is in the kernel of r where x ^ X(M) and t G R. If t = then 
X <8) i is the identity element. Assume t 0. Then |x(<^)If = 1 ^^'^^ all a G A imphes 
that |x(a)|F = 1 for all a & A. Since xU ^ rational character of a split torus this 
implies that x\a = 1- But restriction from X(M^) to X(A) is injective [13, Lemma 
0.4.1], so that x\mo = 1- Thus x e ^o(M). ■ 

Recall the homomorphism Hmo ■ M° — > Hom{X{M^), Z) defined by 

< HMo{m),x>^ logg\x{m)\F,m G M°,x e ^(M°). 

Define an analogous homomorphism Hm ■ M — > Hom{X{M), Z) by 

< HM{m),x>^logq\x{m)\F,m e M,x e X(M). 

Lemma 5.3. Suppose that x e Xo{M). Then < HM{m),x >= for all me M. 

Proof: Let x e ^o(^)- Thus x(^o) = 1 for all mo G M°. Let d be the index of M° in 
M. Thus m'^ G M° for all m G M so that xi'^'^) = 1 for all m E M. Thus x(to) is a d^^ 
root of unity and |x(?7i)|f = 1 for all m G M. Thus < HM{rn),x >— logq\x{m)\F — 
for all m G M. ■ 

RecaUthat Hom{X{M°), Z)(g)zR - Hom{X{A), Z)(g)zR = a is the real Lie algebra 
of A, a* = X{A) (8)z R is its real dual, and Gq = a* (8>r C is its complex dual. For 
each 1/ G a-c we have a character x° of defined by x°(^0 = g<^MoM.'^>^ 777, g 
By Lemmas 5.1 and 5.2 the mapping r above induces an isomomorphism 

X(M) ^v.C 
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By Lemma 5.3, for each m G M, HM{ni) is an element of the complex dual of 
Xo^(M z c • Thus for each i/ e a^, we can define a character Xu of ^ by 

Lemma 5.4. For aii v & g*Q, the restriction of Xu to M° is 

Proof: For mo G M°, x e X(M) we have 

< HM{mo),x>^ logq\x{mo)\F = logq\xo{mo)\F =< -f^Mo("^o), Xo > 

where xo denotes the restriction of x to M°. Since the isomorphism r* comes from 
the restriction map it is easy to see that < HM{'>Tio),r~^{i') >—< HMo{mQ),v > for 
all mo e M°, i/ e a;^. ■ 

As above, let a be an irreducible discrete series representation of M and let (Tq be 
an irreducible constituent of the restriction of a to M° . Let Vq be the representation 
space for (Jq and let 

W = {f :M ^Vo: /(mmo) = cTo(mo)"V(^) for all m e M,mo E M°}. 

Then M acts on W by left translation and we will call this induced representation 
{Im, W). Let V denote the representation space for a and fix a non-zero intertwining 
operator S : V ^ W so that Sa{m) = lM{m)S for all m E M. Since Im is unitary, 
we can also define a projection operator P : W ^ V so that P/m("^) = a{m)P for 
all m e M and PSv — v for all v eV. We also define representation spaces 

np{a) = {(j)e C°°(G', V) : 0(xmn) = 5p^m)a{m)-^(j){x) for all x G G, m G M, n G N}; 
Hpo{ao) = 

{ip e C°°{G,Vo) : ip{xmon) = 5po^ (mo)(7o(mo)"V(2^) for all x e G,mo e M°,n e N}; 

e C°°(G, VT) : ^(xmn) = 5p^m)lMim)-^^lj{x) for all a; G G, m G M, n G A^}. 

In each case G acts on the representation space by left translations and we call the 
induced representations Ip{a), Ipo{ao), and Ip{Im) respectively. They are the repre- 
sentations Indp((T), Indpo((To), and Indp(IndjJ^o((To)) respectively. 

The intertwining operators S : V ^ W and P : W ^ V induce intertwining 
operators S* from {Ip{(y),np{a)) to {Ip{Im),'Hp{Im)) and P* from {Ip{Im),'Hp{Im)) 
to {Ip{a),Hp{a)) given by 

{S*(t)){x) = S(t){x) for aU G np{a),x e G; 
(P»(x) = P^jj{x) for all V e np(lM),xe G. 
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There is also an equivalence T between {Ip{Im),'Hp{Im)) and {Ipo{ao),'Hpo{ao)) given 

by 

{T^){x) = ij{x){l) for all ^ G np{lM),x G G. 
Its inverse is given by 

(r-V)(a^)M = SUm)ilj'{xm) for all ^' G 'Hpo{ao),x e G,m e M. 

Recall for each u E we have defined characters Xu of and of M such that 
X° is the restriction of Xf to M°. We use these characters to define representations 
a{i') — (7(8)Xj, and Im{j^) — Im^Xv '^^ ^ and (7o(i^) = co®Xo(i^) of M°. As above we 
use these to form induced representation spaces Hp^a,^) = TCp{a{i')),T-Cp{lM,^) = 
'Hp^Mi^)), and 7ipo(cr, z/) = 7ipo((To('^))- The intertwining operators S : V ^ W 
and P : W V also intertwine (t(z/) and Im{^) and so as above define induced 
intertwining operators 5"* : 'Hp{a,v) 'Hp{Im,i^) and P* : Hp{Im:1^) 'Hp{a,v). 
There are also equivalences T^, : TIp{Im,J^) — 'Wpo(co, i^) given by 

imj)ix) = ^{x){l) for all V e npilM,i^),x G G. 

The inverses are given by 

{Ti^^'tp')(x){m) = Sp{m)x,^iTn)tJj'{xm) for ah 'tp' G Hpo^aQ, u), x E G,m G M. 

Suppose Pi = MNi and P2 = MN2 are two cuspidal parabolic subgroups of G with 
Levi component M. In §4 we defined a meromorphic family of intertwining operators 

We can transfer these intertwining operators to the equivalent spaces 7ipi{lM, — 
1,2, by means of the equivalences Tj.^P;. Thus we define 

J(P2 : Pi : Im ■■ i^) ■■ Tip^ilu, i^) ^ Up^ilu-, i^) 

by 

J(P2 ■.Pi-.Im-.i^)^ T-y(P^ : pO : ao : i^)T,,p,. 
We can also define 

J(P2 : Pi : (7 : I/) : Hp.ia, ly) ^ 7^p,(a, i/) 

by 

J(P2 : Pi : (J : I/) = P;,p, J(P2 : Pi : /m : i^)S:,p,. 

Lemma 5.5. Suppose that v G Qtc{P2 '■ ^i) ^'^ ^^^^ ^(^2 '■ '■ '■ ^) given by 
the convergent integral 

J{P^ : P° : (7o : iy)ip'{x) = / ^'{xn)(m, x G G, -0' e Hpoiao, u). 

JNinN2 ^ 

Then J(P2 : Pi : Im '■ ^) is given by the convergent integral 

J(P2 : Pi : /m : T^)ip{x) = /_ ip{xn)dn, x e G,ip e Hpi{Im, J^) 
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and J{P2 : Pi : a : u) is also given by the convergent integral 

J{P2 : Pi : a : v)(t){x) — _ (f){xfi)dfi, x E G,(f) E 'Hp^{a, v). 

Proof: Using the definitions of the operators and the transformation property of the 
representation space Hp-^ {Im, we have for all x E 0,171 E M,ip E Ttp^ {Im, i^), 

J(P2 -.Pi-.Im: i^Mx){m) = T'^.^ J(P° : P? ■ : i^)n,pMx)im) 
= Xu{m)5i{m){J{P^ : P° : : u)n,pMxm) 

= Xuim)dk{m) _ {T^^p^%p){xmn)dn 
JNinN2 

= Xj.(m)(5|, (m) / 'ijj(xmn){l)dn 

JNinN2 

— Sp {m) _ 5p^ {m)jp{xmnm ){m)dn. 

Now there is a homomorphism /3 : M ^ R+ so that for all m e M, / e C~(7Vi n A^2) , 

/_ f{mnm~^)dn = (3{m) _ f{n)dn. 
JNinN2 JNinN2 

For m e M° we know that 

i _ 1 
P[m) = 5f,^{m)5p^{m). 

_ 1 i_ 

Since j35p^5p^ is a homomorphism from the finite group M/M^ into R"*", it must be 
identically one. Hence for all m e M we have 

(_ ■ip{xmnm~^){m)dn = 6p im)6pHm) [ i}}{xn){m)dn. 

Thus 

J(P2 '■ Pi'- Im '■ v)il){x){m) — _ ilj{xn){m)dn. 

JNir\N2 

Now for X e G, m e M, e Hp^ ((T, u), we have 

J(P2 -.Pi -.a: iy)(j){x) = [P*p, J(P2 -.Pi-.Im: 'y)S:^p^(j)]{x) 

^P-[J{P2:Pi:lM:y)S:^pM^) 

-P-L [S:,pM^'^)dn 
JNinN2 

^PS- [_ 4>(xn)dn 
JNinN2 

— — 4>{xn)dfi. 

JN^ nNo 



38 DAVID GOLDBERG AND REBECCA A. HERB 

Let r{P2 : Pi : (Tq : z/) be the scalar normalizing factors used in §4 to define the 
normalized intertwining operators 

R{P^ : P° : ao) = r(P° : : <7o : 0)-V(P° : : <7o : 0). 

The fact that 

r(P° : P? : <To : ^)-'J{P^ : P? : <To : i^) 

is holomorphic and non-zero at = and that T^^p.^i — 1,2, are equivalences, will 
imply that 

r(P° : P° : : u)-\j{P2 : P^ : I m : i^) 
is also holomorphic and non-zero at u = Q. Thus we can define 

P(P2 : Pi : 7m) = r(P° : P° : (Jq : 0)-V(P2 : Pi : /m : 0). 

We also define 

P(P2 : Pi : a) = r(P° : P° : : 0)-V(P2 : Pi : a : 0) = P*P(P2 : Pi : Im)S\ 
Lemma 5.6. Let e Hp^^a). Then R{P2 : Pi : Im)S*(I){x) G for all xeG. 

Proof: For every u we have an intertwining operator J(P2 : Pi : Im '■ i^)S* : 
Tlpiia,!/) —>■ Hp^iln '■ In order to carry out arguments using the integral for- 
mula and meromorphic extension of the intertwining operator we want a compact 
realization of the representation. Since we do not know if there is a maximal compact 
subgroup of G which meets every connected component, we proceed one coset at a 
time. Let Cm = and write G — U^^iXiGm- Then P C Gm for any parabolic 

subgroup P of G with Levi component M. Let be a good maximal compact 
subgroup of G° so that G^ = K^P^. Thus Gm = K^P- Let nK"{(r) = 

Uk e V) : fK{kmn) = a-\m)fK{k) for all m e K'^nM, n e K°nN, k e 

For any e Ti.p{a : v) and 1 < i < A; we can define 

^'^^ ' \ 0, otherwise. 

Then 0j G 'Hp{a : v) for each i and (p — Yli=i4>i- Thus every element of 'Hp{a : v) 
is a sum of elements supported on a single coset of Gm in G and so it is enough to 
prove the lemma for G Hp^{a) supported on a single coset of Gm in G. 
Fix 1 < i < k and define 

Pi(z/) :7^p,(a:i/) ^7i;^o(a) 
by Fi{v)4){k) = for all k G is:°. Define 
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by 

Fr\u)fK{x) = I ^Pi'("^)<^~^Mx^^M//<r(^)> if a; = Xikmn,k e K^,m e M,n e N; 
[ 0, otherwise. 

Then F,{iy)F-\u)fK = fx for all U e 7i^o((7) and Fr\v)Fi{v)(t> = 0, for all 
G ?ipi(o- : z/). 

Fix 1 < i < A; and </> G 1-Lp^{a) = Tip^i^a : 0) such that 4> = (pi is supported on 
xiGm- Let fx — Fi(0)(f) G 'Hk°{<^) and for each define (t)i{v) G 'Hp^{a : v) by 
: = F-^{u)fK{x),x G G. Wc have 0^(0) = i^-^(O)Fi(O)0 = 0i = 

Fix w* G and define : =< J(P2 : : : J^)StM^ ■ >. Then 

u : a;) is a meromorphic function of G for each x E G. If t/ G aQ(P2 • -Pi*)) 

by Lemma 5.5 we have 

J(P2 -.Pi-.Im: i^)S*Mv ■.x)= f_ S(t)i{u : xn)dn G S{V). 

JNinN2 

Thus : I/) = for all i/ G a^(P2° : Pi) and hence for all u. Thus 

J(P2 ■■Pi-.Im: i^)S:U^ : x) G S{V) 

for all and so 

r(P° : A° : : i^y'J(P2 : Pi : Im : y)S*Mv : x) G 

for all V G Op, X E G. In particular for i/ = we have -R(P2 '■ Pi '■ lM)S*(f){x) G S{V) 
for all X E G. ■ 

Corollary 5.7. Let G 7t:Pi((7). Tiien i?(P2 : : /m)5*0 = S*R{P2 : Pi : 

Proof: This follows from Lemma 5.6 since SP is the identity on S{V). ■ 

Lemma 5.8. Suppose Pi, P2, and P3 are cuspidal parabolic subgroups of G with Levi 
component M. Then 

R{P, : P3 : Im) = R{Pi : P2 : /M)i?(P2 : : Im) 

and 

R{Pi : P3 : (j) - P(Pi : P2 : a)P(P2 : P3 : a). 

Proof: The statement for Im follows easily from Lemma 4.8 since the intertwining 
operators Tj, are equivalences. Now using Corollary 5.7 we have 

P(Pi : P3 : a) = P*P(Pi : P3 : Im)S* = P*i?(Pi : P2 : Im)R{P2 : P3 : Im)S* 

P*R{Pi : P2 : Im)S*R{P2 : P3 : a) = P(Pi : P2 : a)P(P2 : P3 : a). 

■ 

Lemma 5.9. Suppose Pi and P2 are parabolic subgroups of G with Levi component 
M. Then R{P2 : Pi : a) is an equivalence from Hp^{a) onto 'Hp^{a). 
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Proof: The proof is the same as that of Lemma 4.9. ■ 

Now as above we define Ng{o-o) = {9 ^ ^g(^) • ^-q — o'o}- It w E Wcicro) = 
Naico) / , (To can be extended to a representation ao^^ of the group M° generated 
by M° and any representative for w. Define Tin^j) -.W^Why 

T{nw)f{m) = ao,winy,)f{n:^^^mnu,),m G M. 

It is easy to check that 

T{n^)lM{m) = lM{n.^mn7j-)T{n.^),m G M. 

Next we define intertwining operators Bp{w) : 'Hw-^Pw{Im) — ^ 'Hp{Im) by 

)^T{n^)ilj{gny,),g G G. 

Finally we define self-intertwining operators R{w, Im) '■ Ti-p^lM) 'Hp{Im) by 

R{w, Im) = Bp{w)R{w-^Pw : P : Im)- 

Recall that in §4 we defined intertwining operators 

Ap{w) : Hu^-ipowiao) Hpo{ao) and R{w,ao) : 'Hpo{ao) Hpo{ao). 

It is easy to check that 

Bp{w) = Tp^Ap{w)T^-ipy, and R{w, Im) = Tp^R{w, ao)Tp 

where Tp : TCp{Im) 'Hpo{ao) is the equivalence defined above. In particular this 
implies that Bp{w) and R{w, Im) are independent of the coset representatives chosen. 

Define N^a) = {g e Ng{M) : ^ a}. If w G Wg{(j) = Ng{(t)/M, a can be 
extended to a representation of the group M„, generated by M and any representative 
riw for w. Denote such an extension by and define A'p{w) : Ti-w-^Pwi'^) ~^ ^p(c) 
by 

{A'p{w)(f)){x) = cryj{ny,)ay,-ipy,{nyj)^(l){xny,). 

Lemma 5.10. The intertwining operator A'p(w) is independent of the choice of coset 
representative for w G VFg((7). For wi,W2 G FFg(c) there is a non-zero constant 
cp{wi, W2) so that 

A!p{Wi,W2) = Cp{Wi,W2)A'p{wi)A'^-ip^^{w2). 

Proof: The proof is exactly the same as that of Lemma 4.11. ■ 
Finally, for w G Waicr), we define R{w, a) : Hp{a) — > Hp{a) by 

R{w, a) = A'p{w)R{w-^Pw : P:a). 
Note that for u G VFg((To) we could also have defined an intertwining operator 

R'{u, a) : np{a) Hpia) 

by 

R'{u,a) = P*R{u,Im)S*. 
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We want to relate these two definitions. Let 

Waiao, a) = [Naiao) n 7Vg(<7)]/M° C W^gK)- 

Suppose that x G A^'g<(o"o) n Ndcr). Then x represents an element e Wg((Jo,(t) 
and an element xM e FFG(cr). Let 

P ■ Wg((7o,c7) ^ Waia) 

be given by p(xM°) = xM, x e A^g((7o) n Noia). 

Lemma 5.11. The mapping p is surjective. Its kernel is VFm(co) — Nm{cfq)/M'^ . 

Proof: Let w e Wg{cf) and let x e Ng{(j) be a representative for w. Then 
is contained in the restriction of cr^ ~ cr to M° so that there is m e M such that 
(Tq ~ cr™. Hence w has a representative xm"^ G Ng{<7) nNdcTo). Thus p is surjective. 
Clearly p(xM°) = M just in case x e Naiao) n iVG(o-) n M = Nm{(Jq). ■ 

Lemma 5.12. Suppose that u e WG(cro) is iu the complement of Wg((Jo, ct). Then 

E!{u,a) = 0. 

If e VFG(cro, cr), tiien tiere is a complex constant c so that 

R'{u, a) = cR{p{u), cr). 

Proof: Using Corollary 5.7, for any u e Wg{(Jo), 

R'(u, a) = P*R(u, Im)S* = P*Bp(u)R(u-^Pu : P : 7m)'5* 
= P*Bp{u)S*R{u-^Pu :P:a). 
But for any g & G,(l) & 'Hu-'^Pu{'^)-i if 2; G -^g(co) is a representative for li, 

P*Bp{u)S*ct>{9) = a„-ip„(x)^(PT(x)>5)(/.M. 

Since T(a;) intertwines Im and we see that PT{x)S intertwines a and cr^ ~ cr". 
Thus PT{x)S = and hence R'{u, (7) = unless cr" ~ a. 

Suppose u e Wg(<^0)<^)- Write u = Ux,w = = p{u),x G Ng{<7o) H Ai'G(o"). Then 
PT{x)S and both intertwine a and o"^, and (Tyj{x) 7^ 0. Thus there is a complex 

constant c' so that PT(x)S = c'(t^(x). Thus for any g E G, 

R'{u,a)cl>{g) = au-^p^{x)'^{PT{x)S)[R{u-'Pu : P : 

= c'cj?„-ip^.(a;)5cr^(x)[i?(M"^PM : P : a)(t)\{gx) 
= c'>lp(^/;)P(^/;-^Pw : P : cr)(/)(^) = c'R{w,a)(p{g). 

■ 

Lemma 5.13. Tie R{w,a),w e VFG(cr), span tie algebra C{a) of self-intertwining 
operators on Hp (a). 
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Proof: Let i? be a self-intertwining operator for Tip^a). Then S*RP* is a self- 
intertwining operator for Hp{Im), hence in the span of the R{u, Im),u G Wg{o-o)- But 
then R = P*S*RP*S* is in the span of the P*R{u,Im)S* = R'{u,a),u G Wg{(To). 
But by Lemma 5.12, each R'{u, a) is either zero or a multiple of one of the operators 
R{w,a),w G Woicr). ■ 

Lemma 5.14. Let u G Wg((7o) and suppose that R{u, Im) is scalar. Then u G 
WG(a"o, cr) and R{p{u), a) is scalar. 

Proof: Suppose that there is a constant s G C such R{u, Im)^} = s'4> for all ^0 G 
T-LpilM)- Since R{u, Im) ^Q.s^Q. Now for all (peHpia), 

R'{u, a)(t) = P*R{u, Im)S*(I) = sP*S*(l) = s^. 

Thus R'{u,a) is scalar and non-zero. Thus by Lemma 5.12 we have u G Wg{cT{),(t). 
Further, by Lemma 5.12, there is a constant c so that R'{u,a) — cR{p{u),a). Since 
R'{% cr) 7^ 0, c 7^ 0. Thus R{p{u), a) — c~^R'{u, a) is scalar. ■ 

Lemma 5.15. There is a cocycle rj so that 

R{wiW2, a) = r}{wi, W2)R{wi, a)R{w2, a) 
for all wi,W2 G Wcicr). 

Proof: The proof is similar to Lemma 4.12. ■ 

As in §4, if VF^o(o"o) is the subgroup of elements u G WGo{ao) such that ctq) is 

scalar, then WQo{cro) = W{^i) is generated by reflections in a set $i of reduced roots 
of (G, A). Let be defined as in §4. Since M centralizes A, Waicr) C Ng{A)/M 

acts on roots of A and we can define 

R^^{we Waia) : w/? G for all (3 G $^}. 

We want to prove the following. 

Theorem 5.16. The R{w,a),w G R^, form a basis for the algebra of intertwining 
operators of Ip{cr). 

In order to prove Theorem 5.16, we will first compute the dimension of C(o") using 
our knowledge of the dimension of C{(Jq). We denote the equivalence classes of Indp(o") 
and Indp()(o'o) by icni^) ^g,mo(co) respectively. Let X and Y denote the groups 
of unitary characters of and M/M^ respectively. For x G X, let xm £ Y denote 

the restriction of x to M. Define 

X{a) = {x G X : XM (7 ^ (7}; 
^i(f^) = {X e X : X <8) iG,M(o-) ~ ^G,M(o■)}; 
Y{a) — {rj E Y : a <Si rj a}. 
Let s denote the multiplicity of (Jq in the restriction of a to M°. 
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Lemma 5.17. 

dimC((7o) = dmiC{a)s\X/X{a)\[X^{a)/X{a)\. 
Proof: Using Lemma 2.13, 

rieY/Y{a) 

This implies that 

«G,M(iM,Mo((7o)) = S X ^G,m((J<8)?7)- 

r,eY/Y{(j) 

Since both G/G^ and M/M^ are finite abclian, it is clear that the map x h- > xm 
induces an isomorphism between X/X{a) and Y/Y{a). Thus we can rewrite 

^g,m(^m,mo(c7o)) = s X ^g,m(c^®Xm)- 
xex/x(a) 

But by Corollary 3.3 the induced representations icui^' ® Xm) are either disjoint or 
equal. Further, 

icMi'^ Xm) = iG,M{cr) ® X = «g,m((7) 
just in case x £ -'^i(c)- Thus we have 

XGX/Xi(<7) 

where the representations icM^o') ® X ^^^^ disjoint for x G ^/^i(c")- Thus 
dim(:7((jo) = dmiC{a)s\X^{a)/X{a)f[X/X^{a)] 

= dimC((7)s^[X/X((7)][Xi((7)/X((j)]. 

■ 

Lemma 5.18. 

s''[X/X{a)][X^{a)/X{a)] = [WG{ao)]/[WG{a)]. 

Proof: First, using Lemma 2.13 we have 

s^[XlX{a)\ = s^[Y/Y{a)] = [7V^((Jo)/M°] = [Wm{<J^)]. 

We claim that 

[X^{a)/X{a)] = [WG{o^)/WcMo,a)]. 
This would establish the lemma since by Lemma 5.11 we have 

[Waia)] = [WG{a^,a)/WM{(J^)]. 
We will define a bijection between Xi{a)/X{a) and 

(Are(cro) n Ng{(j))\Ng{(Jq) ^ Wg{(Jo, a)\WG{(JQ). 
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Let X ^ The equivalence class of o" ® Xm depends only on the coset x of x in 

Xi[a)/ X{a). Further, by definition of Xi(a), we have 

«G,M(cr (g) Xm) = iG,M{(^)- 

By Corollary 3.2 there is a: G Ng{A) such that a ® xm — o"^- Thus a\M^ — o"^|mo- 
Thus CTq occurs in (t|mo and so there is m e M such that cTq ~ a^. Then y = xm~^ e 
-^g(co)- Although y e Ng{(Jo) is not uniquely determined by x, 

cr (g) Xm — (7^^ ~ cr^^ 

if and only if G iVclco) H Ncia). Thus for each x G there is 

a unique coset x{x) — (A^g((To) fl A^g((t))x in (A^g((To) fl A^g((t))\A^g((To) such that 
Xm ® ct ~ cr^. Finally, given x G A^'g'(o'o), (t^ is a constituent of iM,Mo(c"o) — iM,Mo(co) 
so that there is 77 G F such that ~ a^r}. Now let x G such that xm = ?7- Then 
c" ® Xm — o"^ so that x = x{x)- ■ 

Recall from §4 that VFg(co) is the semidirect product of subgroups R„^^ and 
where R{w,ao) is scalar for w G Vr($i) and the R{r,ao),r G -R^o, give a basis for 
C{ao). 

Lemma 5.19. 

dimC{a)^[WG{<j)]/[W{^,)]. 
Proof: Combining Lemmas 5.17 and 5.18 we have 

dim CM = dim CM- i^^. 

But from Lemma 4.15, dimC((7o) = [Rao] = [W^g((7o)]/[W^(^i)]- ■ 
Since W{^i) C iVGo(A)/M°, it can be naturally embedded in Wg{A) = Ng{A)/M. 

Lemma 5.20. WG{cr) is the semidirect product of and R„. For w G WG{cy), 

R{w, a) is scalar if and only if w G W{^i). 

Proof: If a; G NGo{ao) represents an element of then by Lemma 4.14 

R{ux,Im) is scalar. Thus by Lemma 5.14, G Wg{(j) and R{Wx,(t) is scalar. Let 

WGicr) denote the set of all w G Wg{o-) such that R{w, a) is scalar. By the above 
C Wg{o'). Using Lemmas 5.13 and 5.19 we see that 

[WG{a)]/[W{^i)]^dimC{a) < [WG{a)]/[W^{a)]. 

Thus W{^i) = W^{a). 

Now as in the proof Lemma 4.14, is a normal subgroup of VFg((7) and so 

= $1 for all w G WgIct). This implies that 

Ra = {we Wg{(t) : = $+} 

which yields the semidirect product decomposition. ■ 
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Proof of Theorem 5.16. It follows from Lemmas 5.13,5.15, and 5.20 that the 

w e Ra, span the algebra C{a). Further, by Lemmas 5.19 and 5.20, 

dimC(a) = [WG{a)]/W{^,)] = [R^]. 

■ 

Let Tj be the cocycle of Lemma 5.15. Exactly as in §4 we can fix a finite central 
extension 

1 — > — > Ra — Ra ~^ 1 

over which rj splits, a character Xa of Z^^, and a representation TZ oi Rf^xG on Ti.p{a). 
Let n(i?o-, Xa-) denote the set of irreducible representations of R^ with Zrj central 
character Xa, and let Ila{G) denote the set of irreducible constituents of /p(cr). 

Theorem 5.21. There is a bijection p i— > tt^ ofIl{Rcr,X(7) onto Ila{G) such that 

Proof: The proof is exactly the same as that of Theorem 4.17. ■ 

6. Examples 

For applications involving comparisons of representations between groups and twisted 
trace formulas it is customary to use the following definition of parabolic subgroup. 

Let P*^ be a parabolic subgroup of G°. Then P = Ng{P^) is a parabolic subgroup of G. 
Thus, using this definition, parabolic subgroups of G are in one to one correspondence 
with parabolic subgroups of We will show that the parabolic subgroups obtained 
using this definition are also parabolic subgroups using the definition of §2. However 
they are not cuspidal in general. Indeed, recall from Proposition 2.10 that if P° is 
a parabolic subgroup of G, then the corresponding cuspidal parabolic subgroup is 
the smallest parabolic subgroup of G lying over P°. On the other hand, if P is any 
subgroup of G with PnG"^ = P°, then P C Ng{P^). Thus Ng{P°) wiU be the largest 
parabolic subgroup of G lying over P°. We will give examples to show that this class 
of parabolic subgroups, which we call N-parabolic subgroups (N for normalizer), do 
not yield a nice theory of parabolically induced representations of G. 

Lemma 6.1. Let P" be a paraboUc subgroup of G^. Then P = NgIP'^) is a parabohc 
subgroup of G. It is the largest parabolic subgroup lying over P°. If M° is a Levi 
component for P°, then M — A^g(M°) n P is a Levi component for P. 

Proof: Let P° = M°iV be a Levi decomposition of P° and define M = Ng{M^) n P. 
Then M n = and MN C P. Let a; G P = iVG(P°). Then xM^x'^ is a 
Levi subgroup of P° and so there is n E N such that xM'^x"^ — nM^n"^. Now 
n-^x e Ng{M^) n Ng{P^) = M and so X e NM = MN. Thus P = MN. 
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Let A be the split component of M^. Then M normalizes A and we define a 
Weyl group W = M/Cm{A) where Cm {A) denotes the centrahzer of A in M. Since 
M° C Cm (A), we know that is a finite abelian group. The spht component of M 
is ^4' = {a e ^4 : xax~^ = a for all x e M} = {a e ^4 : = a for all a e W}. 
Let M' = CciA'). If we can show that A' is the split component of M', then A' is a 
special vector subgroup. 

Let = $(P°, A) denote the set of roots of A in P^, a the real Lie algebra of 
A, and the positive chamber of a with respect to Fix w E W and define 
= {H E a : wH = H}. Since M normalizes P°, we have w^~^ = and 
wa^ = a"*". Let k be the order of w. Then since a"*" is convex, for any if G a"*" we have 
Hyj = H + wH + w'^H + ... + w''-^H e a+ with wH^, = H^,. Thus a+ = n a+ 7^ 
and so for any a e the restriction of a to is non-zero. Since ly is a finite 
abelian group, an easy induction argument shows in fact that the restriction of a to 
a', the real Lie algebra of A' , is non-zero for every a e Thus M'nG° = Cao{A!) — 
Cgo{A) = MO. 

Let A" be the spht component of M'. Thus A' C A". But since M' n = M° and 
M C M', we have A" ^ {a e A : xax'^ = a for all x e M'} C ^' . Thus A' = 
is the split component of M'. This implies that A' is a special vector subgroup and 
that M' = Cg{A') is a Levi subgroup of G. But since the restriction of a to a', is 
non-zero for every a G we can choose a set of positive roots ($')^ of i^(G) with 
respect to L{A') by restricting the roots in With this choice of positive roots, we 
obtain a parabolic subgroup P' = M'N' of G with A^' = A^. Thus M' normalizes N . 
It also normalizes M° since M' n G° = M°. Thus M' C A^g(^°) n Ng{P^) = M. 
Now M' = M so P' = MN = P. , 

Let (Pq , Aq) be a minimal p-pair in (7° and let A denote the set of simple roots of Aq 
in Pq. Then as usual the standard parabolic subgroups of are indexed by subsets 
of A. Write (Pq, Aq) for the standard parabolic pair of G° corresponding to 9 C A 
and write Pq — Ng{Pq), the N-parabohc subgroup of G lying over Pq. Let Ng{Pq, Aq) 
be the set of elements in G that normalize both A^ and Pq. Clearly Ng{Pq, Aq) fl 
GO = PO n Ngo{Aq) = Cgo{Ao) = Ml Write Wg{PIAq) = Ng{PIAq)/MI Then 
Wg{Pq-i Aq) acts on A and for each C A we write 

W{Q) = {w e Wg{PIAq) : we = 9}. 

Lemma 6.2. For aii © C A, 

Pe = U^ew(e)W^ Re- 
proof: This follows from Lemma 3.8. ■ 

Now that we have a simple method of computing the groups Pe, we will give 
examples to show the following unpleasant facts. 
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Fact 6.3. Let and be parabolic subgroups of and let Pi = Ng{P,^), i = 1,2. 
Then P^ C P2 does not imply that Pi d P2. 

Example 6.4. Let G = 0{2n),n > 2. Then G^ = S0{2n) and the minimal parabolic 
subgroup of G° is the group of upper triangular matrices in S0{2n) with Aq the 
subgroup of diagonal matrices. The simple roots are 

A = {ei - 62, 62 - 63, 6n_i - 6n, 6„_i + 6„}. 

The Weyl group Wg{B^, Aq) has order two and is generated by the sign change Cn ■ 
6„ I— > — 6„ that interchanges 6„_i — 6^ and 6„_i + 6„. Thus a subset © of A is stable 
under c„ just in case neither or both of e„_i ± e„ belong to 0. So for example if 
e = {e„_i - e„}, then C P^!], but B = U CnB° is not contained in Pq = P^. 

We call Pq a minimal N-parabolic subgroup of G if given any N-parabolic subgroup 
P of G there is x E G such that Pq C xPx~^. 

Fact 6.5. G need not have a minimal N-parabolic subgroup. 

Suppose Pq is a minimal N-parabolic subgroup of G. Then it is easy to see that 
Pq = Pq n G° is a minimal parabolic subgroup of Now by Lemma 6.2, Pq meets 
every connected component of G. But as Example 6.4 shows, there are N-parabolic 
subgroups of 0(2n) which are contained in the identity component S0{2n). Thus no 
conjugate could contain the minimal N-parabolic subgroup. 

If P'' = M^N is a Levi decomposition for P°, then we obtained a Levi decomposition 
P = MN for P = Ng{P^) by defining M = Ng{M^) n P. Thus M depends on both 
M° and P. 

Fact 6.6. Suppose that Pi = MiNi and P2 = M2N2 are N-parabolic subgroups of G 
such that Ml = M2 , ie. P° and P2° have the same Levi subgroup. Then it need not 
be true that Mi = M2, or even that Mi and M2 have the same number of connected 
components. 

Example 6.7. Let G = 0(8) as in Example 6.4. Let Pi = Pq^ where ©i = {63 — 64} 
and let P2 = Pq,.^ where ©2 = {ci — 62}. Then Pi = Pf is connected and P2 = (P2')*' U 
C4(P2)° meets both components of G. Let w = (13) (24) E Ng{Ao)/Ao be the Weyl 
group element that permutes the pairs (61,63) and (62,64) and define P2 — wP2W~^. 
Then wAq^w~^ = Aq^ and so P2 = w(P2)°w~^ and Pi both have Levi component 
= CGo{Ae,). However Mi = is connected and M2 = M^ U C2M2° meets both 
components of G. 

In addition to structural problems, the class of N-parabolic subgroups does not 
yield a nice theory of parabolic induction. One of the basic cornerstones of represen- 
tation theory in the connected case is that every irreducible admissible representation 
is contained in a representation which is parabolically induced from a supercuspidal 
representation and every tempered representation is a subrepresentation of a repre- 
sentation which is parabolically induced from a discrete series representation. But 
if supercuspidal and discrete series representations are defined as in the connected 
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case and in §2, then the Levi component M of a parabolic subgroup P has no su- 
percuspidal or discrete series representations unless P is cuspidal. Thus we will not 
in general be able to obtain all irreducible admissible or tempered representations of 
G via induction from supercuspidal or discrete series representations of N-parabolic 
subgroups. 

Example 6.8. Define G = 0(2) = SO{2) U wS0{2) as in Remark 2.2. The only 
parabolic subgroup of = 5*0(2) ~ is itself. Thus the only N-paraboIic sub- 
group of G is Ng{G'^) = G itself which has split component Z = {1}. But G has 
no representations with compactly supported matrix coefficients, hence no supercus- 
pidal representations. It also has no representations with square-integrable matrix 
coefficients, hence no discrete series representations. 

As can be seen in Example 6.8, the problem with using the standard definitions 
for supercuspidal and discrete series representations with N-parabolic subgroups P — 
MN is that the split component of M may be smaller than the split component of 
M°. In order to guarantee the existence of enough supercuspidal and discrete series 
representations we could define a representation of M to be supercuspidal (respectively 
discrete series) just in case its restriction to M° is supercuspidal (respectively discrete 
series). Then it would be easy to prove as in Theorem 2.18 that every irreducible 
admissible (respectively tempered) representation of G is contained in a representation 
which is induced from a supercuspidal (respectively discrete series) representation of 
an N-parabolic subgroup. 

Another basic property of parabolic induction in the connected case is the following. 
Suppose that Pi — MiNi and P2 — M2N2 are parabolic subgroups and cr,, i = 1, 2, are 
irreducible representations of Mi which are both either supercuspidal or discrete series. 
Then if the induced representations Indp. ((Tj) arc not disjoint, then the pairs (Afi, o"i) 
and (M2, (72) are conjugate. Further, in the discrete series case, the induced represen- 
tations are equivalent. These properties fail in the disconnected case when the Pi are 
N-parabolic subgroups of G and supercuspidal and discrete series representations are 
defined as above. 

Example 6.9. Let G = 0(8) and define Pi and P2 as in Example 6.7. Recall in this 
case that Mi = M^ ~ GL(2) xGL(l)2 while M2 = M^UciM^ ~ GL(2) xOL(l) xO(2) 
with M^ = GL{2) x GL{1) x S0{2) = M^. Let ctq = p ® Xi X2 be an irreducible 
unitary supercuspidal representation of M° = iV/g where p is an irreducible unitary 
supercuspidal representation of GL{2), xi is a unitary character of GL{1), and X2 is 
a non-trivial unitary character of GL{1) with x| = 1. Then (Tq^ = p ® Xi ® X2^ — '^0 
so there is an irreducible representation a2 of M2 which extends ctq. Further, 

IndJ^|((7o) =(72e((72(8)77) 



where 77 is the non-trivial character of M2/M2 . The representations (72 and (T2 (8) 77 of 
M2 would both be supercuspidal (and discrete series) since they both restrict to (Jq 
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on M^. Now 

Ind^o((7o) ~ Ind^^ Ind;^o((7o) = lnd%{a2) lnd%{a2 ® v)- 

2 2 

Since P° and P2 are parabolic subgroups of with the same Levi component 
= we have 

Indpo((7o) ~ Indpo((7o). 

But ai = (To is an irreducible supercuspidal (and discrete series) representation of 
Ml = MO and 

Ind^^((7i) = Ind^o((7o) ~ Indgo Ind^J((7o) 

~ Indgo Ind^o((7o) ~ Ind^o((7o) ~ Ind^^((72) Ind^^((72 77). 

Thus we have irreducible supercuspidal (and discrete series) representations Ui of Mi 
and (72 of M2 so that 

lnd%(ai) ~ Ind^^((72) Ind^^((72 77). 

Clearly Mi and M2 cannot be conjugate in G since Mi is connected while M2 is 
not. Further, the representations Indp.((7i) have a nontrivial intertwining, but are not 
equivalent. 

A final nice property of parabolic induction in the connected case is the theory of 
i?-groups. UP — MN is a parabolic subgroup and a is an irreducible discrete series 
representation of M, then is a subgroup of Woicr), the group of Weyl group elements 
fixing a, which determines the reducibility of lndp(a). Its most basic property is that 
the dimension of the algebra of self-intertwining operators of Indp(a) is equal to the 
number of elements in R. The following example shows that there could not be such 
a simple i?-group theory in the disconnected case for N-parabolic subgroups. 

Example 6.10. Let = SL2{F) x SL2{F) = {{x,y) : x,y e SL2{F)}. Let G = 
G° U 7(^0 where 7(0;, y)'y~^ = {y, x). Let Bi — AiNi denote the usual Borel subgroup 
of Gi — SL2{F) where Ai is the subgroup of diagonal elements and A^i is the subgroup 
of upper triangular matrices with ones on the diagonal. Then = BiX Bi is a Borel 
subgroup of and B = Na{B^) = B^ U ^B^. B^ and B have Levi decompositions 
S° = M^N and B = MN where M° = A° = Ai x Ai,M = M° U 7M0, and 
N ^ NixN-^.We have Weyl groups W{G^, A^) = W{Gu A{) x W{Gi, A^) -^2X^2 
and wIg, A^) = W{G^, A^) U -iW{G^, A^) ~ Dg, the dihedral group of order 8. 

Let Xi be a non-trivial character of Ai ~ F^ of order two so that Indp^(xi) = 
TTi © TTs is a reducible principal series representation. Note that the i?-group here 
is Ri — W{Gi,Ai) ~ Z2 and we denote the irreducible constituents of the induced 
representation by tti, tt^ to indicate that they are parameterized by the trivial and sign 
characters pi and pg of Ri respectively. Now let X — Xi®Xi- Then 

Ind^o(x) - (tti ® TTs) (8) (tti © tt^) = tth © -Ku ® t^si ® t^ss 
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where for i,j G {1, s}, we write TTij = tTj ttj. Note that tt^- ~ TTji, so that vr^- ~ TTij 
if and only if i = j. Let Uij be an irreducible representation of G such that iTij is 
contained in the restriction of Ilij to G^. Then if i = j we have 

where r] is the non-trivial character of G/G^ and Uij 01]^ Uij. li i ^ j we have 

IndQaiTTij) = Uij ~ Uji = IndQoiiTji). 
In this case we also have Ui j © ~ 11^, . Thus we have 

Indio(x) = Indgo(7rii ttu tt^i tt.J 

= Hn e (Hu (g) ?7) e n,, e (n,, ® 77) e 2ni,. 

Note that the above decompositions are reflected in the i?-groups as follows. First, 
the i?-group for Indfo(x) is given by = x = W{G^, A°) ~ Z2 x Z2. It has 4 
characters p°- = pj,i,j G corresponding to the irreducible representations 

TTij. The i?-group for Ind^o(x) is R — W{G, Aq) = R^U'jR^. By abuse of notation we 
will denote the non-trivial character of R/R° by the same letter rj as used above for 
the non-trivial character of G/G^ and below for the non-trivial character of M/M^. 
The irreducible representations of R are the characters pa and pa r] where 

Ind^o(p°J =Piie(pii(8)ry) 

and the two-dimensional irreducible representation 

Ind|o(p?J=pi.^Ind|o(p°i). 

Thus wc have the irreducible constituents of Ind^o (x) parameterized by the irreducible 
representations of R and occurring with multiplicities given by the degrees of the 
corresponding representations. 

Now we consider Indj[^o(x)- Since M = M° U 7M° and = we have 

Ind^^„(x) =a©((7®^7) 

where a, a® 7] are distinct one- dimensional unitary representations of M which restrict 
to X on M'^- Now, using transitivity of induction and properties of tensor products, 
we can write 

Ind^o(x) -Indg Indigo (x) 
^ Inds((7) © Ind^((7 r]). 
Now since Ind^(cr (g) 77) ~ Ind^((7) ®r], we see that 

Indg((7) © (Indg((7) (8) 77) ~ 

Hii © (Hn 77) ® n,, © (n,, 77) © 2ni,. 

Thus we can assume that IIn, Ugg were chosen so that 

indg((7) ~nn©n,,©ni. 
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and 

Indg(cT ® r/) ~ (Hn r]) (B {Uss v) ® ^u- 
This example exhibits a number of unpleasant features. First, we have irreducible 
discrete series representations ai — a and a2 — cr ® rj oi B such that Ind^(cri) and 
Ind^((T2) have a non-trivial intertwining, but are not equivalent. Second, Ind^((7) has 
3 inequivalent irreducible subrcpresentations, each occuring with multiplicity one, so 
that the dimension of its space of intertwining operators is 3. There are no subgroups 
of any possible Weyl groups here with order 3. 
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